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Abstract — Let G be a connected graph of order p > 2. We
study about the geodetic sets of G. We define link vector and
we prove a theorem to develop an algorithm to find the
geodetic sets. First we develop algorithms to find adjacency
matrix, distance matrix, closed interval between any two
vertices of G and to find the link vector of the closed interval.
Then we present an algorithm to check whether a given set of
vertices is a geodetic set. Finally we design algorithm to find
the minimum geodetic set of G. Mathematics Subject
Classification: 68R10, 05C85
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|. INTRODUCTION

The geodetic number of the graph was introduced in [2],
[5] and further studied by [4]. There are interesting
applications of geodetic number concepts to the problem
of designing the route for a shuttle and network. The
different other areas that apply geodetic number concepts
are telephone switching centers, facility location,
distributed computing, image and video editing, neural
networks and data mining.

By a graph G = (V, E), we mean a finite, undirected,
connected graph without loop or multiple edges [6]. We
assume that |V| = n throughout this paper. Before we
present the algorithm, we give a brief description of the
computation of link vector [1] of the graph, which are used
to design algorithms. To design algorithms we studied the
book [7] by WIif. In this paper, we study a binary
operation A which is defined by A. Anto Kinsley, S.
Somasundaram, and C. Xavier in [1]. We use this
operation and prove some result to develop algorithms to
check whether a given set of vertices is a geodetic set and
to find the minimum geodetic set of G. In all algorithms
we consider a graph with distance matrix as input values.

In this section, some definitions and important results on
geodetic sets [3] - [5] are studied.

Definition 1.1

Given two vertices u and v of a simple connected graph
G = (V, E), the distance d (u, v) is the length of a shortest
u-v path in G. A u-v path of length d (u, v) is called a u-v
geodesic. A vertex w is said to lie on a u-v geodesic P if w
is a vertex of P including the vertices u and v.

Definition 1.2

For a set S of vertices, let the closed interval | [S] of S be
the union of the closed intervals I [u, v] over all the pairs
of vertices u and v in S. A set of vertices S is called
geodetic set if I [S] = V(G) and the minimum cardinality of
the geodetic set is the geodetic number and is denoted
by g(G). A geodetic set of cardinality g(G) is called a
minimum geodetic set (or) g- set of G.

K. Karthika

Department of Mathematics, St. Xavier’s (Autonomous)
College, Palayamkottai - 627 002, India
Email: karthika2490@gmail.com

Observation 1.3

If G is a non- trivial connected graph of order n > 2,
then, 2 < g(G) <n.
Example 1.4

For a graph given in Figure 1, the minimum geodetic
sets are {a, f} and {a, h}. The cardinality of the minimum

geodetic set of G is 2.
b f

Fig. 1. A Graph

Il. LINK VECTORS

In this section we define link vectors [1] and we will use
the concept in the algorithms.
Definition 2.1

Characterize each closed interval as an n-tuple. Each
place of n-tuple can be represented by a binary 1 or 0. Call
this n-tuple as a link vector. Denote LV (1) = 1”. Put 1 if the
vertex belongs to the closed interval otherwise 0. If all the
co-ordinate of the link vector is equal to 1 then it is called
as full. Denote | [(1)].
Definition 2.2

Let G be a graph. Let p be the set of all LV of G. Define
a binary operation Vipxp — p by (v, Vs, ..., V)V (ug,
Uy, . .., Ug) = (W, W, . .. Wy ) where w; = max {v;, u;}.
Now we generalize this idea for more than two LV’s.
Operation on any number of LVs by Vv can be followed by
pair wise. Forany I; € p (1 < i < 4), I, VI, VI'; means
(' VI )VIzor Iy VI, VI'5).
I'VI,VI3VI', means (I, VI, )V (I',VI',) and so on.

Example 2.3
b/\

C

.F
Fig. 2. Agraph G

Copyright © 2016 IJASM, All right reserved


mailto:antokinsley@yahoo.com
mailto:antokinsley@yahoo.com
mailto:karthika2490@gmail.com
mailto:karthika2490@gmail.com

Consider the graph G = (V, E) shown in Figure 2.
Arrange the vertices in the following order: a, b, c, d, e, f.
The closed interval of {a, f}, {c, d} and {b, e} are
li:a,b,cef
I,:c,b,d
I5:b, e

The corresponding link vectors are,

L =(1,1,1,0,1,1)

I, =(0,1,0,1,0,0)

I; =(0,1,0,0,1,0)

In the above example, we see that
InvIr,=(111111)isfull.

It yields that {a, f, ¢, d} is the geodetic set of G.

Now we turn our attention to design algorithms for
geodetic concepts. We prove an important theorem, which
will be used in the main algorithm.

Theorem 2.4

Let G be a graph with n vertices. Then Vi_, I'; is full,
where r is the number of closed interval obtained between
each pair of vertices of Sif and only if S = {vy, vo, . . ., W}
is a geodetic set.

Proof

Suppose that VI_, I'; is full. Now I; is the link vector
LV of I,. If the j™ coordinate of I, is 0 means that vj is not
in the I;. By definition of LV, j" coordinate of I,VI, is1
means that v; is in I, or I;0r both. That is, v; is in at least
one of the closed interval I. Since Vi, I’; is full (that is,
Vie i =(@@,1,.....,1) =I([1]) ) , every vertex of V(G)
of G belongs to at least one closed interval obtained by
every pair of vertices of S. Thus S = {vy, vo, ... ., »}isa
geodetic set of G.

Conversely, suppose S is the geodetic set of G. Then
Uxyes I[x,y] = V(G). We know that I[x, y] consists of all
vertices lying in the x-y geodesic for some x, y e S. Since
S is geodetic, j" coordinate of any one of
LI is 1 and so j"  coordinate
VI, =1. Hence every coordinate
VI, = 1. Hence Vi_, 1’ isfull.

’ ’
11,

of I'VI,V
of VI,V

111. DEVELOPMENT OF ALGORITHMS

In this section we present six algorithms. Now suppose
that a graph G with edge and vertex set is given. We
develop a new algorithm to find adjacency matrix and
distance matrix. Also we develop the algorithms to find
the closed intervals and link vectors which are useful to
develop the main algorithm.

Algorithm 3.1
Algorithm to find an adjacency matrix:
Input: A graph G = (V, E) given with its vertex set

V={vy,V,, ...,V }and edge setE = {e;, ..., en}.
Output: Adjacency matrix (a;) of G.
fori=1ton
forj=1ton
ifvivie E, thena;=1
elsea; =0
Print (aj).
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In this algorithm, we have used a nested for loop and so
it requires n? verifications. Thus it requires O (n%) cost of
time.

Algorithm 3.2

Algorithm to find distance matrix:

Input: A graph G = (V, E) with its adjacency matrix (a;)
and the degree sequence.

Output: Distance matrix (Dj) of G.

fori=1ton

forj=iton

if(aij=0&i=j) Dij=0
elseif (3 =1&i#j) D;j=1
elseif (a;=0&i#j) count=1
for 1 =1 to deg (v;)
begin
fork=1ton
if (ax=1&k=j) Djj=count +1
elseif(ag=1& 1 #]j)

begin
count = count+ 1
i=k
end
Dj; (I) = count
end
Dy = min {D;; (1)}
forj=2ton
fori=1toj-1
Dji = Djj
Print (D”)

In this algorithm, we have nested a for loop, so it
requires n* verifications. Also we have another nested for
loop for substitution, which requires n? substitution. Thus
it requires O (n) cost of time.

Next we develop an algorithm to find the closed interval
between any two vertices of G.

Algorithm 3.3
Algorithm to find I [v;, v{]:
Procedure closed-interval I [S;]
Input: A graph G = (V, E) with its distance matrix and a
subset S, = {vi, v} of V.
Output: | [v;, v]
Let I [vi, vi] = {v}
find nbh {v}
if d(nbh(vi),v;)=d(vi,v)-1

I [vi, vi] = I'[vi, vj] U {nbh(vi)}

v; = nbh(v;)

Here the algorithm collects the neighborhood of each
vertex. That is, it works in deg (v;) number of times to find
the neighborhood of v;. That is, totally it works in 2m
times. Thus it requires O (m) cost of time.

Next we develop an algorithm to find the link vector of
the closed interval I [S].

Algorithm 3.4

Algorithm to find the link vector I’ [S;]:

Procedure link vector I' [S,]

Input: A graph G = (V, E) and a 2-subset S, of V with its
closed interval I [S,].

Output: The link vector I'[S;]

LV: (X1, X2, . . ., Xp)

fori=1ton
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ifvi e | [S;] then put ;=1
else x;=0
Here the algorithm takes n verifications. That is, it
works O (n) cost of times.
Next we develop an algorithm to check whether the
given set S of vertices is geodetic or not.
Algorithm 3.5
Geodetic set confirmation algorithm:
Procedure geodetic [S]
Input: A graph G = (V, E) of order > 2 and a subset
{vi, Vo, . . ., v} of vertices.
Output: S is a geodetic set or not.
Step 1: Find all the 2-subsets S, of S
{There are (¥) number of subsets S, of S}
Step 2: Take L« (0)
fori=1to (%)
begin

S=

Closed- interval I;[S]
Link vector I';[S;]
L=LVI;[S]
end
If L is full then the given set S is a geodetic set.
Otherwise S is not a geodetic set.

In this algorithm, step 2 will work in times. Next

part of step 2 is the algorithm Closed- interval I;[S,] and
Link vector I';[S,] and hence this part will work with 2m +
n verifications. Total cost  of time is O (K*(m + n), where
k is the cardinality of the given vertex subset and m is the
number of edges in G. But in this step the given vertex
acts as a root and all other vertices are approached through
a spanning tree. Therefore there are n + (n-1) verifications
needed, since m = n-1 for a tree. That is, O (n(2n-1)),
that is O (n%). Thus this algorithm requires O (n®) cost of
time.

Finally we develop the main algorithm to find the
minimum geodetic set of a graph G.
Algorithm 3.6
Minimum geodetic set algorithm:
Procedure g-set[S]
Input: A graph G = (V, E) with its vertex set
V (G) ={vy, v, ..., vp} of vertices.
Output: S; with g(G) vertices.
Step 1: Take k < 2
Step 2: Take all the subsets §; (1<) < (})) of V(G)

with k vertices.
Step 3: forj=1to (})
begin
geodetic [S)]
if yes then stop and print S;is a minimum
geodetic set.
end
Step 4: Otherwise take k =k + 1 and return to step 2.

In this algorithm, by the for loop it takes all the 2"
subsets and each time it calls the procedure geodetic [S],
its complexity is O (n?). Hence this algorithm is NP-
complete.

k(k-1)
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I\VV. CONCLUSION

In this paper we have established algorithms to check
whether a given set is geodetic or not and to find a g-set of
G, whose complexities are O (n®) and NP- complete
respectively.
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