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Abstract — In the development of modern science, topolog
provide convenient and natural representations intle
description of many practical situations including
architecture, biology, control.Widely application of the
topology makes itstheory more perfect. In this peper, by
using the metric space as a bridgento real space, the
application of compactnessin calculus was studied, he
theories of compact theoremextreme value theory and the
uniform continuity theorem were perfected alsc
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I. THE CHARACTERIZATION O F COMPACTNESS

The definition of compactness isvgr at the first time,
which is not as intitive as the connectedn. Although
different definitions weregiven in histor, we give
following depicted idetter than anyone el

Definition 1™Let X be a topological space, if any o
of the X open coveragdl ,there is a finite sub covi X is
said to compact space.

Definition 2 Let X be a topological spacifevery
infinite subset ofX has a limit point, the topologic space
Xis called the limit point@mpact spac

Definition 3®@Invarious topological spaceX , let
{xl,xz,m} be a sequence oK , and xOX .If

eachneighborhootd of X, there is a positive integ N
such thatx, OU for alln> N , that is said the sequence

{xl, xz,-u} convergent to the limit poirx .

In RandR?, a sequence cannot convergent to n
thanone point, but in an arbitrary space, it |

Theorem !

Everycompact space is a limit point compact sg

Proof. LetX be a compact space.GiA X , we will

proof that ifA is infinite set,A must have limit points. Th
following is a proof of its inverse proposition: tiie A
does not have the limit point, then temust be a finite
set.

Assume thatA does not have &mit point. Ther A
contains all its limit pointsA is a closed se Therefore,
for eachall Awe can choose a neighborhoU, of a
such thatU, intersectsA in the pointa alone.The space
X'is covered by the open s¢t— Aand the open seU;
beingcompact, it can be covered by finitely man these
sets. SinceX — Adoes not intersed, and each sét,
contains only one point &, the setA must be finite

In the metric space, there is no differe between the
two definitions of compactness.so we can draw
following theorem:

Theoren®

In metric space, compact space is equivale the limit
point compact space.
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Theorem 3% Compact metric space are abot

Proof. Let(X,p) be compacmetric space. The family
of sets{B(x,l)lxD X} by spherical neighborhoods is
open covering ofX , and it has a finite sub cov

{B(x 1).B(x, 1).---, B{x, 1}

LetM :ma>{p(xi,xj [1<i,j<ni+2.

If x,yOX , then existed , j ,1<i, j<nsuch that
x0B(x 1) andy O B(xj ,1).

sop(x,y)< plxx )+ plx. x; )+ olx;.y)< M .
Therefore, every compact subset in the metric sjzaa

bounded subset. In particuleevery compact subset is
bounded.

Theoreny (sequential convergenc

Let X be a topologicalspac, each sequence has
subsequence of convergence.

Theorem 4¥! (compact theorerr

In real space, any bounded sequence must he
subsequence of convergence.

Theorem FExtreme value theore)

Let f: X - Y is continuous, whereY is a totally
ordered set in the ordered topological X is compact,
then existed pointsc and d in X such that
f(c)s f(x)s f(d)for everyx(d X .

Proof. Since f is continuous ar X is compact, the
set A= f(X)is compact. We show th A has a largest
element M a smallest elemerm .We must have
m= f(c) andM = f(d)for some points ccand d of X .
If Ahas no largest element, then collec

{-=.a)]a0A
forms an open covering & .SinceAis compact, some
finite sub collectiof(- w,a, ),--- (- ®,a, )} coversA If a;is
the largest of the elemerds,---a,, then g belongs to
none of these sets , contrary to the fact that toser A.

Theorem5’ (Extreme value theorem

Let f :[a,b] - Ris continuous, then there exists t
elementsc,d O[a,b] such that f(c)s f(x)s f(d)for any
xO[a,b].

Theorem 6 (Uniform continuity theorem)

Let f : X - Y be a continuous map from 1 compact

metric space{X,dX)to metric spac(Y,dY) .Then f is
uniformly continuous.
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application, we will use the elicitation of topolotp make
innovations in other unknown fie

consider an open covering ofconsider an open coyeyi
Y by balls B(y,s/2) of radiuse/2 .Let A be the open
covering of X by the inverse image of these balls ui
f .Let o be the Lebesguewumber of open coverir [y james R.Munkres. Topold], Pearsor2000. 1.

A Then if X and X, are two points of X such that [2] Xiong JinchengPoint set topology not [M]. Higher Education
Press 1998 (In Chinese).

dy (X1, X2) < 0 ,the two point Se[b(lyxg} has diameterlless [3]  Department of mathematics, East China Normal Usitel

e ; Mathematical Aalysis [M].Beijing: Higher Education Pre:
than J,so that its |magéf (xl), f(xz)} contains some ope 2013 (In Chinese).
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[ll. CALCULUS PROMOTE THE
DEVELOPMENT OF TOPOLOGY

A compact space is not always sequence compaoe.
For this kind of problem, we usually verify the ined by
listing counter example to validate the method.réfae,
For example, unilateratontinuous periodic function, w
found, providing support tthis theory frm the point of
view of the calculus.

Theorem 7% Let f be a single continuous perioc

function defined on the real number, the period of
T > 0for any positivepandq,0< p<q,

f(0)# f(p' /q). For any fixed positive integm the
b
function sequence is defined eﬁ§(x) = f(q m(x)] ,then

any sub sequenc{efn} ,there have infinite divergen
points in the interve{D,T].

0 ,Osx<1
Example 1 f(x)= 2 ,other places in
1 ,—-<sx<1
2

accordance with the periodic extensi f(x) is a right
continuous function with a period dfthen existecp =1,

g=2such that0= f(0)¢ f[%jzl.We can takem=1

and define function sequencén(x): f(2“x) and find

infinite divergence point. Based on this, a compact s
is not always sequence compact space.

[V. CONCLUSION

Compactness is not only in topological spaces
good properties, but it can be maintained cel
conditions. Therefore, compactness can be as mbal
tool in many existing theorems, sucls Calculus can
provide examples-compact g@a is not sequentiall
compactfor topology. Of course, the more comp
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