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Abstract– Microarray experiments are providing 
unprecedented quantities of genome-wide data on the gene 
expression patterns and their underlying regulatory 
mechanisms. Through microarray data analysis, one can gain 
better insights into understanding of gene expression profiles 
and their various regulatory functions. Various 
computational tools, such as the singular value 
decomposition, principal component analysis and 
independent component analysis etc., which are used to 
analyze the large scale gene expression data, have profound 
influence on the interpretation of the results. A basic 
understanding of these computational tools is therefore 
necessary for the optimal experimental design and 
meaningful data analysis. We used Lӧwdin's 
orthogonalization methods to analyze the microarray data 
and extract meaningful biological information. We attempt to 
recover the missing gene expressions by systematic analysis. 
We used the symmetric and canonical methods to decipher 
the gene expression profiles. The analysis through canonical 
orthogonalization shows an oscillatory behaviour of the large 
volumes of gene expression profiles and the symmetric 
properties of a lot group of genes are preserved by the 
symmetric orthogonalization. 

 
Keywords – Canonical Orthogonalization, Characteristic 

Modes, Gene Expression Profiles, Lopsided Distribution, 
Singular Value Decomposition, Symmetric 
Orthogonalization. 
 

I.  INTRODUCTION  
 

Microarray technology helps to measure the gene 
expression levels of large number of genes simultaneously 
[1]. Clustering algorithms [2, 3, 4] play a vital role in 
grouping microarray data sets where identifying groups of 
co-expressed genes are a very challenging task [5]. 
Microarray gene expression data are organized as a gene 
expression matrix G with n rows, which correspond to 
genes and m columns, which correspond to different 
experiments. Each element gij tells the expression level of 
the ith gene at the jth time point [5]. Typically, the number 
of genes, n, is much larger than the number of 
experiments, m. We have applied two orthogonalization 
methods to the gene expression data matrixn mG × to 

complete its entries such that the rank of G is equal to 1/2,d

where 1/2d  is taken to be the number of significant 
singular values of matrix G. Application of clustering 
techniques aid in getting clusters of genes with similar 
expression patterns [5]. 

 
 
 

II.  M ETHODOLOGY  
 

The gene expression data matrix consists of the 
expression levels of a large number of genes at a smaller 
number of time points. The gene expression data matrix G 
consists of n rows and m columns. Each row represents a 
gene and each column a time point. Hence the data can be 
viewed as: each row as a gene vector or each column as a 
time vector. Generally, the data is taken on large number 
of genes and less number of time points. We have pre-
processed the data by replacing each measurement with its 
logarithm, and normalizing each genes transcriptional 
response to have zero mean and unit standard deviation. 
The matrix n mG ×∈ℝ with n m≥ and can be expressed as 
follows: 
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The row vector T
jg
�

corresponds to the relative 

expression levels of the jth gene in m experiments. The 
column vector it

�
 corresponds to the relative expression 

levels of the n genes in the ith experiment. This matrix is 
very difficult to analyze and one cannot get any 
meaningful information from this raw data regarding the 
functioning of a group of genes. The raw data has to be 
polished by doing the normalization procedure for the 
rows and columns, ending with row normalization. Now 
the aim is to analyze this normalized data to get some 
biological functioning of a large set of genes. Our aim is to 
bring out the clusters in the gene expression patterns using 
the Lӧwdin orthogonalization techniques [6, 7]. We have 
applied these democratic schemes to the gene expression 
data matrix and found some genes which are co-expressed. 
We have found that the clusters can be obtained by 
plotting the first versus the second symmetric and 
canonical orthonormal bases. We also found that the genes 
do exhibit the simple harmonic motion in their behaviour 
when we project the time vectors onto the orthonormal 
bases. Hence the Lӧwdin methods give more insight into 
the oscillatory behaviour of the genes when they are co-
expressing. 
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III.  COMPUTATIONS AND RESULTS 
 

The Lӧwdin orthogonalization methods [6, 7] find 
applications in various fields such as cognitive phenomena 
[8, 9], data reduction [10], new polynomials [11], in 
containing several orthogonalization methods [12] and 
finding zeros and a symptoticlimits of new polynomials 
[13]. These Lӧwdin orthogonalization methods and their 
unique geometric properties [14, 15, 16] are applied to 
three datasets of microarray gene expression experiments 
in order to understand the possible clusters in the datasets. 
We have considered the data sets of yeast cell-cycle 
(cdc15-15 points and cdc15-12 points), sporulation and 
fibroblast from the literature [17]. 

The Hermitian metric matrix H is constructed as 
follows. 

T
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Each component of H consists of a mixture of the 
expression levels of all the genes of two time points and 
the expression levels of all the genes at a particular time 
point are overlapped along the diagonal. The eigen values 
and eigenvectors of H are calculated and let m md × contains 

eigen values in a descending order and m mU ×  represent the 

normalized eigen vectors. The inverse square roots of H 
and dare constructed by using the linear transformations 
discussed in [16, 12] and are given by H−1/2 and d−1/2 
respectively as follows. 
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These two matrices are used to construct the canonical 
and symmetric orthonormal basis for the data matrix G 
and are given by 
 1/ 2

1 2[ , , , ]mC GUd c c c−= =
� � �

⋯   (5) 

 1/ 2
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The canonical and symmetric orthonormal bases consist 

of m, n-dimensional vectors, eachc
�

or s
�

consists of 
information of all the genes at all the times. The 
symmetric orthonormal bases are completely orthogonal 
and normal to each other if the given��'s are fully linearly-
independent and any dependency between any of the time 
points leads to nears-orthogonality of the orthonormal 
bases. To analyze the data, recall, 
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represents the set of characteristic modes, 
{ Xi(t)}associated with Gas obtained from canonical 
orthogonalization. At the same time, from the symmetric 
orthogonalization we have, 

1/ 2 T TG S H S G S S S G= = =    (9) 
and in analogy with (7), the symmetric characteristic 
modes can be represented as, 
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The temporal variation of the genes in G can thus be 
represented as linear combination of the characteristic 
modes – either (8) or (10) – with C and S as coefficients. 
Note that the characteristic modes reflect the genome-wide 
expression pattern which are not gene-specific. This is 
because the { }ic

�
and{ }is

�
are constructed using all{ }.ig

�
 So, 

they contain complete temporal information of expression 
levels of all the given genes under consideration in a 
convoluted manner. The coefficients that multiply the 
elements of the matrices in (8) and (10) are the matrix 
elements of c and s which are obtained typically by taking 
the projections of ic

�
's on jz

�
's, where jz

�
 represents the 

temporal variation of the expression level of the jth gene. 
Thus the coefficients are gene-specific. 

As compared to the analyses [17, 18] that attempted to 
classify the genes based on their expression profiles, the 
present analyses using Lӧwdin's methods give us physical 
insight into what entails the characteristic modes. In the 
canonical orthogonalization approach we know that the 
basis set comprisingic

�
's is constructed such that one of 

them, say1,c
�

 samples the largest set ofig
�

's, another of 

them, say 2 ,c
�

 samples the next largest set ofig
�

's, and 

soon, such that the projection squares ofig
�

's on 1c
�

add up 

to a maximum, those on2c
�

to a smaller number, and so on. 

Note that the projections ofig
�

's on 1,c
�

2 ,c
�

 etc. will be 
large as well as small, and positive as well as negative, 
seemingly in a random manner. 
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Fig. 1. Canonical characteristic modes of (a)Yeast cell-
cycle cdc15-15 point, (b) Sporulation and(c) Fibroblast 
data. 
 

However, in the present context, the figure 1 (a-c) shows 
that all these large and small, positive and negative 
projections (as in eqn. (8)) follow a periodic behaviour as 
a function of time. Sinceig

�
's represent all the genes at 

different time points, the observed periodic behaviour 
points to a fact that the genes under study express as a 
function of time in a highly correlated manner. Moreover, 
it is found that the entire given lot of genes can be divided 
up into primarily two classes. Their expression profiles 
exhibit similar t-behaviour, namely oscillatory, but they 
are shifted by almost / 2.π  Also, between the two lots, the 
second lot whose t-vectors cluster around2c

�
shows a 

weaker correlation as compared to the lot that clusters 
around 1c

�
apparently because the number of vectors 

diminishes as we go from1c
�

to 2.c
�

 In fact, any periodic 

pattern is hardly seen beyond2c
�

(see fig.1(a)). 
Further clustering of genes becomes more apparent 

when we plot the coefficients1c
�

 and 2c
�

of the first two 
characteristic modes against each other. These clusters, 
which are obtained using the singular value decomposition 
[12], are seen to be formed along the periphery of the 
ellipses as obtained in[17]. 
 

 

 

 
Fig. 2. Symmetric characteristic modes of (a)Yeast cell-
cycle cdc15-15 point, (b) Sporulation and(c) Fibroblast 
data. 
 

The scenario with the symmetric orthogonalization is 
entirely different from the canonical case. While the 
canonical orthogonalization tries to classify co-expressing 
genes in temporal terms, the symmetric orthogonalization 
does the opposite – it tends to scatter the data in a very 
special manner. Most importantly, all the symmetric 
characteristic modes become equivalent in the sense that 
the matrix (10) is symmetric about the diagonal; so all of 
them look almost alike except that they show a peak at the 
diagonal element, which naturally shifts one step at a time 
as we switch from one mode to the next. The modes show 
a gradual but systematic decay on either side of the peak at 
the diagonal element as shown in figure 2(a-c)). Thus the 
correlated behaviour in the collection of genes is again 
witnessed as a function of time but it is monotonic and 
almost the same in all characteristic modes. 
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Fig. 3. Plot of coefficients for characteristic mode1 against 
the coefficients for (i) characteristic mode2, (ii) 
characteristic mode 3 and (iii) characteristic mode 4 
respectively for (a) cdc15-15 point, (b) Sporulation and (c) 
Fibroblast data using symmetric orthogonalization. 
 

The symmetric orthogonalization organises the basis set 
{ }is
�

such that ig
�

becomes in a sense equivalent to is
�

 
presents us with a special scenario in which projections of 
all ig
�

's on a particular js
�

 are element by element equal to 

the projections of all is
�

's on ig
�

. The large magnitudes of

.j jg s
� �

 as compared to rapidly diminishing values of all the 

rest of the elements .i jg s
� �

 as well as .j ig s
� �

 as shown in 

Figure 3(a-c) which indicates that js
�

 is maximally aligned 

along ,jg
�

i.e. as close to it as possible, such that the 

orthonormality of is
�

's is also achieved.  
In figure 3(a, b, c; i, ii, iii), we have made 2-d plots of 

coefficients s1 vs. s2, s1 vs. s3 and s1 vs. s4 for cdc15-15 
point, sporulation and fibroblast data sets. While the s1 vs. 
s2 plots show some clustering of genes, the data only gets 
increasingly smeared as we combine s1 with s3 and s4. 
 

IV.  CONCLUSION 
 

We used Löwdin orthogonalization methods to decipher 
the gene expression profiles and obtained the same results 
obtained using the method of singular value 
decomposition. This attempt proposes an efficient and 
effective way of analyzing large volumes of microarray 
gene expression data. The present analysis shows that 
canonical orthogonalization replaces the singular value 
decomposition and it gives much better results about the 
characteristic modes of gene expression profiles than the 

singular value decomposition. An oscillatory behaviour of 
the gene expression profiles is shown by a group of genes 
observed and the canonical orthogonalization preserves 
the lop-sided behaviour of large volumes of gene 
expression profiles by means of canonical 
orthogonalization and symmetric properties of a lotgroup 
of genes via symmetric orthogonalization. The reasons for 
the central distribution of gene expression profiles and 
their collective functions have to be explored. 
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