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Time-Dependent-Coefficient AKNS Hierarchy and Its
Exact Multi-Soliton Solutions
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Abstract — A new mixed spectral Ablowitz-Kaup-Newell- functions oft, x, q, r and k , we have the zero
Segur (AKNS) hierarchy with time-dependent coeffieénts is P
derived from the generalized AKNS linear spectral poblem. curvature equation:
To construct exact solutions of the AKNS hierarchy,the M, =N, +[M ,N] =0, ®3)
inverse scattering transform is employedAs a result, explicit  \yhich gives
formulae of exact solutions are obtained. In the e of

reflectionless potentials, the obtained exact solons are A =qC-rB-ik
reduced ton-soliton solutions. g, =B, +2ikB+ 2gA. )
Keywords — Time-dependent-coefficient AKNS Hierarchy, r,=C,—2kC-2rA

Multi-soliton Solution, Inverse Scattering Transform, Linear

Spectral Problem, Reflectionless Potentials. Supposing that

i =B ©)

|. INTRODUCTION

In the field of nonlinear mathematical physics, eirse A:a'l(r,q)( c J 231 (t)(2ik) _—b(t)(ZK) X,
scattering transform (IST) is a systematic method f

exactly solving nonlinear partial differential e¢oas (6)
(PDEs). Since put forward by Gardner, Greene, Kaliskfrom (4) we have

and Miura in 1967, the IST has achieved considerabl (q -B -B) mn

development and received a wide range of applicatio r =L c - 2ik "‘231 (t)(ZK)

[1]-[16]. One of the advantages of the IST is tihatan t

solve a whole hierarchy of nonlinear PDEs assatiafth _ —q

a certain spectral problem. Searching for exacttignis of +b(t)(2|k)”x( i J - @)

nonlinear PDEs plays an important role in the stofly
many physical phenomena and has gradually become omhere

of the significant tasks in soliton theory. Recgnthe q )., b

study of nonlinear PDEs with variable coefficieritas L=ad+2  107(r.q), 6=a—,
attracted much attentions because most of realimeznl r X

physical equations possess variable coefficiemtsthis 10

paper, we generalize the well known AKNS linearciae —_(J._m I )dx, o= ( 0 J (8)

problem by improving its evolution equation. Basedthe

generalized AKNS linear spectral problem, a newedix If we set

spectral AKNS hierarchy is derived including isaspa! m+” B, e
and nonisospectral nonlinear PDEs. Then the IST is (2|k) ,
employed to construct exact solutions of the AKNS

hierarchy. Consequently, a pair of explicit forneulaf then one has

exact solutions ana-soliton solutions are obtained. -b -b_,
=L - |+1(t) -,m-1,

[I. MIXED SPECTRAL AKNS HIERARCHY . G

(9)

(10)

spectral problem: (11)

_ (- a) (@ - - ), (-
L L o e
B m

@=Ng, N= A ' @) and hence obtains a time-dependent-coefficient AKNS
C -A hierarchy as follows:

whered =q(x,t), r =r(x,t) and their derivatives of any = (- (—xq I
[rj Za(t)L[ j+b(t)L ( “ j (m=1,2;--).

From the compatibility condition of the AKNS linear ( J a_ (t)( J

order with respect tox andt are smooth functions, which
vanish asx tends to infinity, the spectral parameteris (13)
independent withx, and A, B andC are undetermined  whenm=2 andn=1, (13) gives
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@

0 =a,(t)(a,, —6ara,) +a, t)(-q, + 29°r)

+a,(1)q, —a,(t)g+b(t)(q +xq,) , (14)
I, =8, (t)(o ~ 601, ) + 2, ()1 ~ 2r°0)
+a, (t)r, +a,(t)r +b(t)(r +xr,) . (15)

If we seta,(t)=-1, a,(t) =i, a(t) =a,(t)=0 and
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(B(X.k;),@(X.k;)) yields:

L @0 00K, )~ A (K, 1+ BEE (k) )

=2p(t, k)@ (XK ) (XK ). (24)
Presuming ¢(X,k;) to be the normalization

r =—q, then (14) and (15) become a new nonisospectr@igenfunction and noting that

equation which is combined with the modified Korgage

Vries (mKdV) and the nonlinear Schrodinger (NLS)

equation.
[ll. EXACT SOLUTIONS

A. Thetime dependence of the scattering data

Lemma 3.1[16] Supposey(X,K) is a solution of (1),

then
P(x,k) =@ (x,k)— Ng(x,k),
is also the solution of (1) as well.
Lemma 3.2[16] Suppose that

L :—06+2(_qua'l(q,r), L=oLo, (@7)

thenL is the conjugation operator &f .
Theorem 3.3 The scattering data

{K; ;@) =121},

{050, j=12:T},
for the spectral problem (1) possess the followfimge
dependence:

K, () =[5"(0) + @-n)(@ ) [[beXsET,  (18)

‘m+n R
J' Za,- (s)(2ik; (s)) +nb(t)(2ik; ()" ds
2 —_ A2 042
ci(t)=c;(0)e =

(19)
R, (0 =K 7"(0) + @-n)(@)" [ b(s)s]" , (20)
EJ_Z (t) :EJ_Z(O) J';Tf;a, (s)(2iK; (s)) +nb(t)(2iK; (s)""ds (21)

Proof. Using lemma 3.1,
P(x,k) =@ (x,k)— Ng(x,k)
can be represented (X, k) and @(x,k), which also
satisfy (1) but independent each other. There et

functions p(t,k) and 7(t,k) , so thatP(x,k) can be
expressed as
P(x k) = ¢ (x,k) = Ngx(x,k)
=yt K@K+ T, Kk .K).  (22)
Firstly, we considerk =k, (Imk; >0). As X - o,
@xk;) -~ 0 and Zo(x,/(j) — oo result in 7(t,k)=0.
Thus (22) can be simplified as:
%(X7Kj)_ NﬂXVKj): y(t!Kj )¢(X1Kj ).
Left-multiplying (23) by the inner

(23)

(16)

product

ZI: @ (X, ) (XK Jdx =1,
one gets
y(t.k) == (Ca(x.k,)+ BE (x.; ))iX. (25)
For convenience, rewrite (25) as:
V(t.k;) = =C (& (XK, ). (X)) ,(B.CY ).(26)
where the inner product is used
(00,900 = [~ (£.(99,00 + £,()9,00)ax (27)
for arbitrary two vectors f(x) =(f,(x), f,(x))" and
9(¥) =(9,(X), 9, (x))" -
Equation (1) is equal to
A% K;) +iKg(x.k;) = A(X)@, (XK, ),
@x(XJ(j ) _in@(Xij )= I’(X)Q(X,Kj )
from which we have
(@ K;)@ (%K), = G (XK )@y (XK )
+@, (X KBXK) = A (XK ) +T (X)L (XK )

(28)
(29)

(30)
and therefore obtain
[ @) 06k, +1 () (%, ))elx
=[" (@axx)@(xk ), dx=0.  (31)

From (9)-(12), we have

B — T i -q f L \MHN—]
(CJ —;;a(t)L ( r J(Zlk)
+Zn:b(t)Lk'1(_:qu(2ik)”'k, (32)
and hence obtain _
y(tk,) = —C (& (x.k; ). (x.4,)) ,(B.C))

m+n j

:_cf[«é,qqz)ﬂZZaﬁ)“ (ﬂ‘z’“‘ )mm_jJ

+c) [(@Z,W ,Zn)b(t)Lk‘l(_erqJ (Zk)”‘kJ

:%nb(t)(Zik)“'l,

where the following results are used

((cé,caff (?:D = [ x(ag + rg)dx
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o 1
= dx=—— ,
[ X@ag)dx=-—

crwnf]
- ik <t»l-l[«¢ ¢ D

Thus, (23) reads

1 e
@(%,K;)— Nk, ):Enb(t)(ZK) "ok, ).
Secondly, noting that

m+n

33)

(34)
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andr(x,t), thenR(t,k) =0 andﬁ(t,k) =0. In this case,
the GLM integral equation (41) becomes

K(t,x,y)—(ﬂfd t,x+y)

+(2Jf F(t,z+ X)Ed (t,z+y)dz

+j°° K(t,x,s)jw F,t,z+ S)Ed t,z+y)dzds= 0,

(44)
which can be solved exactly. For simplicity, taking
advantage of

K(t, % y) = (K, t.x,y).K, ¢ x,y)]

Za1(t)(2lk) __b(t)(Zk) X (35) to rewrite (44) as:
0) i\, Kl(t,x,y)—Ed t,x+y)
AXK) — Cj( Je o (36) - —
1 +L F,(t,z+ X)Fa(t,z+ y)dz

0 KX - n O IKX
q(x,xj)ﬁcjtmel +%b(t)(2/(j) xcj@ (37)

as X —» +o00, one gains

C,—C —mfa(t)(ZU( ) =

—nb(t)(2|k) e,

Finally, solvmg (5) and (38) we reach (18) and)(19

Similarly, we obtain (20) and (21).
B. Exact Solutions
When the reflectionless potentiat§Xx,t) and r(Xx,t)

are considered, from Theorem 3.3 we have the fatigw

theorem.

Theorem 3.4 Given the scattering data for the spectral
problem (1), we can obtain exact solution of thaeti

dependent-coefficient AKNS hierarchy (13):
q(x,t) =—2K, (t,x,x),

(38)

(39

+j°° Kl(t,x,s)jw F,t,z+ S)Ed (t,z+y)dzds= 0,
(45)
K,(t, X, y)—Fa(t,x+y)
+jm F,(t,z+X)Fa(t,z+ y)dz

+[7K,(t,%,9)[ "F, (t,2+S)Fu (t,z+ y)dzds = 0.
(46)
A direct computation gives

jw F,(t,s+ Z)Ed (t,z+y)dz

_ ZZ|C (t)C (t) |K (x+s)- |Km(x+y)_ (47)

j=1 m=1 )
Further supposing

)

_ K, (t,%,X) T -
T x| (0 K06y.0= 2, 08, (e, (48)

where K(t,x,y) = (K, (t,X,y),K, t,x,y)) satisfies the .
Gel'fand-Levitan-Marchenko (GLM) integral equation: Ko (X y,t) = ZC h, ¢.x)e", (49)

K(t, X, y)—(af(t,x+ y)

+(2JLW F(t,z+ X)E(t,2+ y)dz

+j:°K(t,x,s)j:°F(t,z+ S)F (t,z+ y)dzds = 0,(41)
with
F(t, x)——j R(t, k)e'kxdk+2c2 X (42)

F(t,x)=— [ R@t,k)e“dk +S c2e“*. (43
(t,%) Z,TL, (t.k) Z (43)
C. Multi-Soliton Solutions

When we consider the reflectionless potent(x,t)

and substituting (48) and (49) into (45) and (46)ds
On(t, X) + T,y (D)™

L& CHt)T,(H)T, (1)
22

i (K — KK —K)

ei(ZKi —/?m—/?p)xgp(x,t) — O,

(50)

i (2 =Ky )X

06+ X 05, (e

=1\ m

LT 2
+ j - . ei(ZK‘ —;?m—;?p)xh (x,)=0.
;;(KJ _Km)(Kj _Kp) P
(51)
Inducing the following vectors
g(t,X):(gl(t,X),gz(t,X),"',gi ¢!X))T! (52)
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h(t, x) = (hy(t,%),h, t,x),+- 1y € X)), (53)
A= (G ce™? o ge" ), (54) [
A=(Ce"™ c e, ...ce ), (55)
we can write (50) and (51) in the matrix forms 2l
W(t,x)g(t,x) =-A(t,x). (56) 3]
W(t,x)h(t,x) =iP{,x)A({,x). (57) 14
Here we suppos®/ *(t, X) exists, then (5]
g(t,x) =-W(t, x)A L, X), (58)
h(t,x) =iW ™ (t,X)P(t,X)A (t,x), 59) ©
in which [7]
W(t,x)=E+P(t,x)P" (t,x), (60)
= SOHO | - E
K —K

j m Tl

and E is al x| unit matrix. Substituting (58) and (59) ol

into (48) and (49), we have

K (x y.0) =-rW E0AEOAT €y), (62 MY

K, (X, y,t) ==itrW ™ (t,X)E t,X)A ¢, x)AT ¢,y)), (63) 12
wheretr(A) means the trace of the matri.

Substituting (62) and (63) into (39) and (40), vi¢ain ;3

n-soliton solutions of the time-dependent-coeffitien
AKNS hierarchy (13):

q(xt) = trGW L, )AL AT (X)), 64) ™M
d tr(W(t, X)E(t, x)1 A (t,x)) [15]

r(xt) = —9X — ‘_j)T( (65)
tr (WLt A ()N (X)) 6]

V. CONCLUSIONS
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AUTHOR’ S PROFILE

In summary, we have derived a new time-dependent-
coefficient AKNS hierarchy which includes isospattr
AKNS hierarchy and nonisospectral AKNS hierarchy a
special cases. Exact solutions amdoliton solutions of
the AKNS hierarchy are obtained by the IST. To ltlest
of our knowledge, the solutions obtained in thipgra
have not been reported in literature. It may bedrtgmt to
explain some physical phenomena. How to extend t
method used in this paper for constructing and irsglv
other hierarchies with variable coefficients is thgr of
study. This is our task in the future.
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