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Abstract – Now a day’s many researchers are analyzing the 

stability of time Delay-differential systems. Many works have 

been reported using a variety of methods. However, more 

focus on the use of the Lyapunov–Krasovskii theory to derive 

sufficient stability conditions in the form of linear matrix 

inequalities. In this paper, we present the basic concepts 

involved in stability and also we reported the recent results 

developed to analyze the asymptotic stability of Neutral Time 

Delay-differential systems.  
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I. INTRODUCTION  
   

Stability is a very basic issue in control theory and has 

been extensively encountered many engineering systems. 

For the effective work of any systems, stability is required. 

Suppose the system is in instability we will not able to 

expect the accurate results. There are many types of systems 

particularly fuzzy, neural, stochastic… For each system we 

can provide the stability conditions in the form of LMI. 

Research on the stability of time-delay systems begin in 

1950s, first using frequency-domain methods and later also 

using time-domain methods. Frequency-domain methods 

determine the stability of a system from the distribution of 

the roots of its characteristic equation or from the solutions 

of a complex Lyapunov matrix function equation. They are 

suitable only for systems with constant delays. 

The main time-domain methods are the Lyapunov-

Krasovskii functional and Razumikhin function methods. 

They are the most common approaches to the stability 

analysis of time-delay systems. Since it was very difficult 

to construct Lyapunov-Krasovskii functionals and 

Lyapunov functions until the 1990s, the stability criteria 

obtained were generally in the form of existence conditions; 

and it was impossible to derive a general solution. Then, 

Riccati equations, linear matrix inequalities (LMIs), and 

Mat lab toolboxes came into use and the solutions they 

provided were used to construct Lyapunov-Krasovskii 

functions. 

To know about the formation of LMI and its stability, 

consider the linear system 

�̇�(𝑡) = 𝐴𝑥(𝑡)     (1) 

Where 𝐴 ∈ 𝑅𝑛∗𝑛 𝑎𝑛𝑑 𝑥(𝑡) ∈ 𝑅𝑛.  Assume that (1) has 

equilibrium X = 0 

Definition 1.1: Stability 
Let x(t) be a solution of the  functional differential 

equation �̇� = 𝑓(𝑡, 𝑥𝑡). The stability of the solution concerns 

the systems behavior when the system trajectory x(t)  

deviates from y(t). Let us assume that the functional 

differential equation �̇� = 𝑓(𝑡, 𝑥𝑡) admits the solution  

x(t) = 0, Which will be referred to as the trivial solution. For 

the system, �̇� = 𝑓(𝑡, 𝑥𝑡) the trivial solution x(t) = 0 is said 

to be stable if for any t0∈ R and any δ > 0, there exists a δ = 

δ(t0, ∈) > 0 Such that ||x(t0)||c < δ implies ||x(t)|| <∈ for  t ≥ 

t0. 

Definition 1.2: Asymptotically Stable 

Let 𝑋 = 0  be an equilibrium point of �̇� = 𝑓(𝑋),  let 

𝑉: 𝑅𝑛 → 𝑅 be a continuously differentiable function such 

that: 

(𝑖)   𝑉(0) = 0 
(𝑖𝑖)  𝑉(𝑋(𝑡)) > 0 

(𝑖𝑖𝑖) �̇�(𝑋(𝑡)) < 0    (2) 

This leads to the celebrated theorem of Lyapunov of (1). 

Theorem 1.3: (Lyapunov Second Theorem on R) 
Given system (1) with equilibrium X = 0, if there exists a 

Lyapunov function V, then X = 0 is Lyapunov stable. 

Furthermore, if �̇�(𝑋(𝑡)) < 0, then X = 0 is asymptotically 

stable. 

 The power of Theorem 1.3 is that one can make 

conclusions about trajectories of a system (1) without 

actually solving the differential equation. For the system 

(1), a common choice of Lyapunov function candidate is the 

quadratic form. 

By choosing Lyapunov function 𝑉(𝑋) = 𝑋𝑇𝑃𝑋  , 𝑃 > 0,              

Where X = x(t) 

Then derivative analyses are �̇� = �̇�𝑇𝑃𝑋 + 𝑋𝑇𝑃�̇� 

          = 𝑋𝑇𝐴𝑇𝑃𝑋 + 𝑋𝑇𝑃𝐴𝑋 

                        = 𝑋𝑇(𝐴𝑇𝑃 + 𝑃𝐴)𝑋 (3) 

The quadratic form of this derivative proves, if the central 

quantity satisfies 

𝐴𝑇𝑃 + 𝑃𝐴 < 0      (4) 

�̇�(𝑋) < 0     (5) 

Example 1.4: Consider the Linear system 

�̇�(𝑡) = [
−1 4
0 −3

] 𝑥(𝑡).    (6) 

Using MATLAB LMI Control toolbox the above 

LMI,  𝐴𝑇𝑃 + 𝑃𝐴 < 0,  one can get the following Positive 

definite matrix 𝑃 = [

1

2

1

2
1

2

5

6

] > 0. For this P, 

𝐴𝑇𝑃 + 𝑃𝐴 = [
−1 0
0 −1

],    (7) 

Which is negative definite, this implies that the system is 

asymptotically stable in the sense of Lyapunov. It is well 

known that time-delay is usually a cause of instability and 

oscillations of recurrent neural networks (RNNs). 

Therefore, the problem of stability with time-delay is of 



 

Copyright © 2017 IJASM, All right reserved 

113 

International Journal of Applied Science and Mathematics 

Volume 4, Issue 4, ISSN (Online): 2394-2894 

importance in both theory and practical applications, with 

the help of the LMI approach. 

By Inspired of this, we continued here by Short note that 

the results of the researchers who worked on the delay 

differential system of stability by using Lyapunov-

Krasovskii function to frame LMI’s and there improvement 

of results compare to the earlier results in control journals. 
 

II. PRELIMINARIES 
 

Lemma 2.1:  (Gu 2000) 

For any constant symmetric matrices M
nnR   and M = 

MT > 0 and scalar  > 0, the vector function                               

w: [0, ]
nR such that the integrations concerned are 

well defined  
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Lemma 2.2: 

Let P
nR , Q

* = Q
nnR  and H 

nmR   such that rank 

(H) < n. The following statement is equivalent   

1. 𝑝𝑇𝑄 𝑝 < 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝐻𝑝 = 0 , 𝑝 ≠ 0 

2. 𝐻⊥
𝑇𝑄𝐻⊥ < 0 

3. ∃𝜇𝜖𝑅; 𝑄 − 𝑄 − 𝜇𝐻𝐻𝑇 < 0 

4. ∃𝑋𝜖𝑅𝑛∗𝑚; 𝑄 + 𝑋𝐻 + 𝑋𝑇𝐻𝑇 < 0  (9) 

Where 𝐻⊥
𝑇  is the base of the null space H𝐻⊥ = 0 

Lemma 2.3: Schurcomplement 
Let M, P, Q be given matrices such that Q > 0, then 
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Lemma 2.4: 
For any matrix Z > 0 and scalar  > 0 if there exists a 

lebesgue vector function vector function
nRtt  ],[:  , the following inequalities hold: 
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III. MAIN RESULT  
 

 Consider the uncertain linear neutral time delay 

differential Systems described by the following equations: 

�̇�(𝑡) − 𝐶𝑥 ̇ (𝑡 − ℎ) = 𝐴𝑥(𝑡) + 𝐵𝑥(𝑡 − ℎ)   (13) 

𝑥(𝜃) =  ∅ (𝜃), ∀𝜃 ∈ [−ℎ, 0],   (14) 

Where x(t) ∈ Rn is the state, h > 0 is the constant time-

delay, ∅ (. ) is a continuous vector valued initial Function, 

𝐴(𝑡) ∈ 𝑅𝑛∗𝑛 ,  𝐵(𝑡) ∈ 𝑅𝑛∗𝑛 𝑎𝑛𝑑 𝐶 ∈ 𝑅𝑛∗𝑛 are known 

constant matrices. 

To show the mentioned system are asymptotically stable 

the following variety of results are noted. 

Theorem 3.1: (A. Hmamed): 
System (13), (14) is asymptotically stable if the 

difference integral system 

𝑥(𝑡) − 𝐶𝑥(𝑡 − ℎ) = 𝐴𝑥(𝑡) + 𝐵 ∫ 𝑥(ξ )dξ = 0
𝑡

𝑡−ℎ
 (15) 

is asymptotically stable and there exists symmetric positive 

definite matrices P,R,W ∈ 𝑅𝑛∗𝑛  and a matrix X ∈
𝑅5𝑛∗2𝑛satisfying the following LMI 

∑ = 𝑀 + 𝑋 ∏+ ∏𝑇𝑋𝑇 < 0   (16) 

where M = 

[
 
 
 
 
ℎ𝑅 + 𝑊 0 0

∗ −𝑊 0
∗
∗
∗

∗
∗
∗

−ℎ𝑅
∗
∗

  0
  0

  
0
0
∗

  0
  0

   
0
𝑃
0]
 
 
 
 

      (17) 

and     ∏ = [
𝐴 + 𝐵

𝐼
   0
−𝐶

  0
    ℎ𝐵

  −𝐼
     0

   −0
   −𝐼

]  (18) 

 

By lyapunov functional candidate V= V1 + V2 + V3, 

where 

V1 = Z𝑇(𝑡)𝑃𝑍(𝑡) 

V2 = ∫ (ℎ − 𝑡 + 
𝑡

𝑡−ℎ
 ξ )xT(ξ)Rx(ξ)dξ 

V3 = ∫ xT(ξ)W x(ξ)dξ
𝑡

𝑡−ℎ
    (19) 

By taking the derivative of these Lyapunov functions we 

can write the solution of the system as mentioned above. 

Remark-1:  
In this Theorem, Author is utilized the Lemmas 2.1 and 

2.2 to frame the LMI’s and this result become more 

conserved result than articles are mentioned in Reference 

16,17,18 by Han Q. L. (2001). 

Theorem 3.2: (Bo NI and Qing-Long HAN): 
System (13), (14) is asymptotically stable if the 

difference integral system 
𝑑

𝑑𝑡
[𝑥(𝑡) − 𝐶𝑥(𝑡 − ℎ) + 𝐵 ∫ 𝑥(ξ )dξ

𝑡

𝑡−ℎ
] = (A + B)𝑥(t)  (20) 

is asymptotically stable and there exists symmetric positive 

definite matrices P,R, W satisfying the following LMI 

[

−(𝐴 + 𝐵)𝑇𝑃 − 𝑃(𝐴 + 𝐵) − ℎ𝑅 − 𝑊 (𝐴 + 𝐵)𝑇𝑃𝐶 −ℎ(𝐴 + 𝐵)𝑇𝑃𝐵

(𝐴 + 𝐵)𝐶𝑇𝑃 𝑊 0

−ℎ(𝐴 + 𝐵)𝐵𝑇𝑃 0 ℎ𝑅

] 

> 0      (21) 

This theorem can be prove by considering the Lyapunov 

function V= V1 + V2 + V3,    (22) 

where 

V1= [[𝑥(𝑡) − 𝐶𝑥(𝑡 − ℎ) + 𝐵 ∫ (𝑥(ξ )dξ)
𝑡

𝑡−ℎ
]𝑇𝑃  [𝑥(𝑡) − 𝐶𝑥(𝑡 − ℎ) +

𝐵 ∫ (𝑥(ξ )dξ)
𝑡

𝑡−ℎ
]]     (23) 

V2 = ∫ (ℎ − 𝑡 + 
𝑡

𝑡−ℎ
 ξ )xT(ξ)Rx(ξ)dξ  (24) 

V3 = ∫ xT(ξ)W x(ξ)dξ
𝑡

𝑡−ℎ
    (25) 

Similar to the previous theorem by taking the derivative 

of the Lyapunov functions proved systems are 

asymptotically stable by the researcher. 

Remark-2: 
In the above Theorem, formation of LMI authors are 

utilized the Lemma 2.1 in the article and prove systems are  

asymptotically stable. To illustrate the effectiveness of the 

result two Numerical examples are given in the mentioned 

article. 
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Lemma 3.3: (Qing-long Han): 
Given a scalar ℎ̅ > 0 , system (13) and (14) is 

asymptotically stable for any constant time-delay                                        

h satisfying 0 ≤ ℎ ≤ ℎ̅if the operator D is stable and there 

exist 𝑛 ∗ 𝑛  matrices 𝑃 > 0, 𝑅 > 0 𝑎𝑛𝑑 𝑊 > 0   satisfying 

the following LMI: 

𝛯(𝑡, ℎ̅) = [

𝛯11(𝑡) 𝛯12(𝑡) 𝛯13(𝑡)

𝛯12
𝑇 (𝑡) 𝛯22(𝑡) 𝛯23(𝑡)

𝛯13
𝑇 (𝑡) 𝛯23

𝑇 (𝑡) 𝛯33(𝑡)

] > 0,  (26) 

Where 

𝛯11(𝑡) = −[𝐴(𝑡) + 𝐵1]
𝑇𝑃 − 𝑃[𝐴(𝑡) + 𝐵1] − ℎ̅𝑅 − 𝑊 

𝛯12(𝑡) = [𝐴(𝑡) + 𝐵1]
𝑇𝑃𝐶 − 𝑃𝐵2(𝑡) 

𝛯13(𝑡) = −ℎ̅[𝐴(𝑡) + 𝐵1]
𝑇𝑃𝐵1 

𝛯22(𝑡) = 𝑊 + 𝐵2
𝑇(𝑡)𝑃𝐶 + 𝑐𝑇𝑃𝐵2(𝑡) 

𝛯23(𝑡) = −ℎ̅𝐵2
𝑇(𝑡) 𝑃𝐵1 

𝛯33(𝑡)    = ℎ̅𝑅 
To prove this Lemma, consider the following Lyapunov– 

Krasovskii functional candidate. 

𝑉(𝑡, 𝑥𝑡) = (𝐷𝑥𝑡)
𝑇𝑃(𝐷𝑥𝑡) + ∫ 𝑥𝑇(𝜉)𝑊𝑥(

𝑡

𝑡−ℎ
𝜉)𝑑𝜉 +

∫ (ℎ − 𝑡 + 𝜉)𝑥𝑇(𝜉) 𝑅 𝑥(𝜉)
𝑡

𝑡−ℎ
𝑑𝜉   (27) 

and by the derivatives prove the system is asymptotically 

stable.  

Theorem 3.4: (Qing-long Han):  
Given a scalar  ℎ̅ > 0; the system described by (13) and 

(14); with uncertainty  𝐴(𝑡) = 𝐴 + ∆𝐴(𝑡), 𝐵(𝑡) = 𝐵 +
∆𝐵(𝑡)𝑤ℎ𝑒𝑟𝑒 [∆𝐴(𝑡) ∆𝐵(𝑡)] = 𝐿𝐹(𝑡) is asymptotically 

stable for any constant time-delay h satisfying 0 ≤ ℎ ≤ ℎ̅ if 

the operator D is stable and there exist n× n matrices 𝑋 >
0, 𝑌 > 0 𝑎𝑛𝑑 𝑍 > 0   such that 

[
 
 
 
𝛤11

𝛤12
𝑇

𝛤13
𝑇

𝛤14
𝑇

  𝛤12

𝛤22

𝛤23
𝑇

𝛤24
𝑇

  𝛤13

𝛤23

𝛤33

𝛤34
𝑇

  𝛤14

𝛤24

 𝛤34

𝛤44 ]
 
 
 

> 0    (28) 

Where 

𝛤11 = −(𝐴 + 𝐵1)
𝑇𝑋 − 𝑋(𝐴 + 𝐵1) − ℎ̅𝑌 − 𝑧 − 𝐸𝑎

𝑇𝐸𝑎, 

𝛤12 = (𝐴 + 𝐵1)
𝑇𝑋𝐶 − 𝑋𝐵2 − 𝐸𝑎

𝑇𝐸𝑏 , 

𝛤13 = −ℎ̅(𝐴 + 𝐵1)
𝑇𝑋𝐵1, 

𝛤14 = −𝑋𝐿, 

𝛤22 = 𝑍 + 𝐵2
𝑇𝑋𝐶 + 𝐶𝑇 𝑋𝐵2 − 𝐸𝑏

𝑇𝐸𝑏 , 

𝛤23 = −ℎ̅𝐵2
𝑇𝑋𝐵1, 

𝛤24 = 𝐶𝑇 𝑋𝐿, 

𝛤33 = −ℎ̅ 𝑌, 

𝛤34 = −ℎ̅𝐵1
𝑇𝑋𝐿, 

𝛤44 = 𝐼. 

Remark-3: 
In [10], author proved the Lemma 4.3, continuation of 

that proved an advanced result for stability with the help of 

Lemma 4.3 and it mentioned as Theorem 4.4 in this paper 

and author is given certain examples to show the 

improvement of the results compared with literature of 

control system [20], [21], [22]. 

In this Theorem 3.4, 𝐿, 𝐸𝑎  𝑎𝑛𝑑 𝐸𝑏 𝑎𝑟𝑒 𝑟𝑒𝑎𝑙 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡  
 

𝑚𝑎𝑡𝑟𝑖𝑐𝑒𝑠 𝑎𝑛𝑑 𝐹(𝑡)𝜖𝑅𝑝∗𝑞 𝑖𝑠 𝑎𝑛 𝑢𝑛𝑘𝑛𝑜𝑤𝑛 𝑟𝑒𝑎𝑙 𝑎𝑛𝑑 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒  

𝑡𝑖𝑚𝑒 𝑣𝑎𝑟𝑦𝑖𝑛𝑔 𝑚𝑎𝑟𝑖𝑥. 
 

 

IV. CONCLUSION 
 

In this article we study about the preliminaries to frame 

LMI’s with lyapunov functions, and also basic conditions 

of asymptotic stability, we made a short note on asymptotic 

stability with the help of existing results by different 

researchers. Moreover it is useful for the reader to know 

about different frame work on stability systems and also 

helpful to improve the stability of time delay-differential 

systems. 
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