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I. INTRODUCTION

The integrals
oo sinx 00 COS X
Jo =7 dx and [ —=dx (1)

are presented in [1] where 0 < p < 1. However, nothing
has been said about their evaluations. For these types of
integrals and their evaluations including complex versions,
see [1-12, 15].

The integrals in (1) also play a very important role in
signal processing [13, 14]. We aim to report evaluations of
the integrals in (1) by using Laplace transform. Some
properties related to (1) are addressed.

Let F(t) be a real or complex function for t > 0 and
s is a real or complex parameter. Then the Laplace
transform of F(t) is defined by

LIF()] = f(s) = [,” F()e™*tdt,

we assume that this integral exists. For the Laplace
transform and Lemma 1-Lemma 5, see [1, 2, 7, 8].

Lemma 1
Fors >0

L[l’n] _ r(n+1) ©)

sn+1

where the gamma function I'(n) is defined for n > 0

r(n) = fooo t"le~tdt.
Lemma 2
For s >0 and a -constant

a
s2+a?’

L[sin(at)] = (3)

Lemma 3

If m and n are positive then the Beta function B(m,n),
its relation to I"(), is defined by
B(mn) =[ " xM-1(1-x)""1
_ Ig(m)l"(n) (4)

~ r(m+n)’

Lemma 4
For positive m and n

B(m,n) =2 [zsin*™ '0cos*""10 db. (5)

Lemma 5
If p is not an integer numbers then

1
FA=p)(p) = oo and I (5) =T  (6)
I1I. MAIN RESULTS
Theorem 6

If 0 <p <1 then one obtains

foo sinx _ T
0 xP 2r(p) sin(pTH).
Proof :
Set F(t) = fooo SU;(:X) dx then

LIF®] = [ ( N S"’;(:’C) dx) e~ dt (by defn.)

= [ (Jy sin(tx) e=st dt) x7P dx (by using (3))
= ooom dx (by setting x = s tan(0)

T

2
= s‘pj tan'~?6 do
0

=s7P [2sin'"Pfcos' PO db (by using (5))

85528
——Z22 (by using (4))
r(EZ)r)
2r(1)
T
2I'(p) sin (%)

= S_p

=sP (by using (6))

= gq¢7P

Taking inverse Laplace transform by using (2) one
obtains
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@ sin(tx)

F(t) =f0 pr dx
tP g
2r)sinEh)

and setting t = 1. One obtains the desired result

Corollary 1
If p = 1 then one obtains

Si(e0) = [;7 = dx =2

For complex version of this integral and its evaluation,
see [4,5, 11, 12].
Corollary 2

If p= % then one obtains Fresnel integral

w . 1 [n
[~ sinx? dx == |-
0 242

For complex version of Fresnel integrals and their
evaluations, see [1, 6, 12].

Corollary 3

If p= % then one obtains

fooo xsinx® dx = —=,
3I'(Q3)
Corollary 4
Ifp= % then one obtains
R R — m
x*sinx® dx = ———.
fO 12r G)sin(s3)
Corollary 5
Ifp= g then one obtains
[ X7 sinxz dx = —2=
0 VIR
Corollary 6
If p= Z then one obtains
oo 2 6 3w
Jo x7ssinxs dx = —5——
5r)sin(y;)

Theorem 7
If 0 <p <1 then one obtains
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foo cosx _ T
- 2I'(p) cos(%).

Proof :
Proof'is the same as Theorem 6. So we omit it.

Corollary 7
If p = 1 then one obtains

®cos x
f dx + In(x) = —y
o4 X

+
where y is an Euler constant, for a nice proof see [5].

Corollary 8

Ifp = i then one obtains Fresnel integral

fooo cosx? dx == |2,
242
Corollary 9
If p= § then one obtains
[oe] 3 — T
Jo xcosx® dx ol
Corollary 10
Ifp = % then one obtains
®© 4 6 — L
Jy x*cosx® dx e
Corollary 11
If p= g then one obtains
00 _1 3 21
Jo x7zcosxz dx = —.
3r
Corollary 12
Ifp= 2 then one obtains
[e'e) _4 6 5w
J, xTscosxs dx = ——.
12F(g)cos(ﬁ)

I11. SOME PROPERTIES OF s(p) AND c(p)

Theorem 8
T
If S(p) = m for 0 <p <1 then one
obtains

s -p)sp) = 7.
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Proof.
1-p)s(p) = =
S( p)sip) = 4r(1-p)r(p) cos(%) sin(%)
"~ 2r(1-p)r(p) sin(pm)
=
==
Theorem 9
Vi
If C(p) = m for 0 <p <1 then one
obtains
c1=p)e®) =7.
Proof :
Proof'is the same as Theorem 8. So we omit it.
Corollary 13
If0 <p <1 then one obtains
_nr(1-n)
s)e) =15
Corollary 14
If0 <p <1 then one obtains
c® _ P
o tan( > )-

Corollary 15
If 0 <p <1 then one obtains

¢')s) —cp)s'(p) _m
s2(p)

(14 ean(5).

2

IV. CONCLUSION

[ee)

X
dx are

. . sinx 0 cos
The improper integrals | — dx and Js o
evaluated by Laplace transform method different from the
previously published ones with 0 <p <1. By this
perspective, it is much easy to evaluate integral in Corollary
1 and Fresnel integrals without using complex and other
traditional methods requiring more sophisticated
knowledge.
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