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Abstract – This study examined the database prediction of co-existence and the depletion of the viral load of the 

virions of HIV infection subject to varying infection rate constant and different choices of initial condition. ODE45 

numerical scheme was adopted to discuss the results on the trend of vulnerability of depletion of the viral load of the 

virions and its implication to HIV/AIDS infections. Results show that the viral load of the virions with the magnitude 

of 134 corresponding to the initial condition (5, 1, 1) is the best fit data for the infection rate constant at 0.00008 which 

predicts lower and relatively small trend of vulnerability of depletion of the viral load of the virions.  
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I. INTRODUCTION 

Having recently constructed a deterministic prediction of a co-existence steady state solution and its type of 

stability (a dominantly unstable steady state solution, [9] which may not generally provide an intuitive public 

health initiative, it is imperative to extend this idea to construct a database prediction perspective of co-existence 

and its implication for depletion of the viral of the virions which is the central aim of this present study. However, 

most of the mathematical models; ordinary differential equations [3] [12] [11], delay differential equations [14] 

partial differential equations (PDEs), and fractional differential equations [8] [9] have been proposed and 

developed to better described the dynamics of the HIV diseases and to establish a central strategy to reduce the 

evolution of infection and spread of the scourge [6] [5] [1] [4] [2].    

II. MATHEMATICAL FORMULATION 

Following Nwagor, 2019, the system of time dependent non-linear first ordinary differential equations with a 

fractional order inclusion on the dependent variable T is considered.    

𝑑𝑇

𝑑𝑡
= 𝑠 − 𝑑𝑇 + 𝛼𝑇 (𝐼 −

𝑇

𝑇𝑚𝑎𝑥
)  − 𝛽𝑇0.2𝑉1                   (1) 

𝑑𝐼

𝑑𝑡
= 𝛽1𝑇𝑉 − 𝛿𝐼                                                            (2) 

𝑑𝑉

𝑑𝑡
=  𝜌𝐼 − 𝑐𝑉                                                              (3) 

With the initial conditions 𝑇(0) ≥ 0, 𝐼(0) ≥ 0, 𝑉(0) ≥ 0.  

The notation T is the number of target cells while I and V are called the number of infected cells and the viral 

load of the virons at time t in the unit of days. The notation s stands for the rate at which the new T cells are created 

from the source within the body such as the thymus whereas the notation 𝛼 is called the maximum proliferation 

rate of target cells. The notation Tmax stands for the T population density at which proliferation shuts off whereas 

the notation d stands for the death of the T cells. The notation 𝛽1 is the represented by the exponential equation 

𝛽1 = 𝛽𝑒−𝑚𝜏 where 𝛽 is the infection rate constant while the term 𝑒−𝑚𝜏 accounts for cells that are infected 𝜏 time 
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unit later. The notation 𝛿 stands for the death rate of infective cells whereas the notation 𝜌 is the reproductivity 

rate of the infected cells, the notation c represents the clearance rate constant of virions.  

III. METHOD OF ANALYSIS 

For the purpose of clarity and focus, the deterministic implementation of the ODE 45 (which is computationally 

more efficient than ODE 23TB and ODE15s) is explored in order to predict the co-existence steady state solution 

and its percentage depletion that corresponds to the number of the target cells, the infected cells and viral load of 

the virions and its depletion. For the purpose of this simulation analysis, we have considered the following precise 

deterministic parameter values: Tmax = 1300, 𝛽1 = 0.0002, 𝛿 =, 0.5 𝜌 =1000, V = 120, c = 10, d = 0.01, I = 50, 

𝛼 = 6.8. The notation PD stands for population depletion.    

3.1 Time-Dependent ODE Model 

Assume that in the absence of the fractional order term in model (1) then the model reduces to 

𝑑𝑇

𝑑𝑡
= 𝑠 − 𝑑𝑇 + 𝛼𝑇 (𝐼 −

𝑇

𝑇𝑚𝑎𝑥
) – 𝛽𝑇𝑉                              (4) 

𝑑𝐼

𝑑𝑡
= 𝛽𝑇𝑉 − 𝛿𝐼                           (5) 

𝑑𝑉

𝑑𝑡
=  𝜌𝐼 − 𝑐𝑉              (6) 

All the parameters remain as defined above; the system (4)-(6) satisfies the initial condition 𝑇(0) ≥ 0, 𝐼(0) ≥

0, 𝑉(0) ≥ 0. 

3.2 Steady State Solution of the Time Dependent Model  

For the purpose of this study, at a steady state solution.     

 
𝑑𝑇

𝑑𝑡
= 0 implying that lim

(𝑡)→(∞)
𝑇(𝑡)= 𝐶1where 𝐶1is an arbitrary constant of integration.  

𝑑𝐼

𝑑𝑡
= 0, implying that lim

(𝑡)→(∞)
𝐼(𝑡)=𝐶2 where 𝐶2 is an arbitrary constant of integration. 

𝑑𝑉

𝑑𝑡
= 0, implying that lim

(𝑡)→(∞)
𝑉(𝑡)=𝐶3 where 𝐶3 is an arq1bitrary constant of integration. 

For the non-linear model equation of the first order differential as (𝑡) → (∞), 𝑇(𝑡) = 𝑇𝑒, 𝐼(𝑡) = 𝐼𝑒, 𝑉(𝑡) = 𝑉𝑒 

Hence producing a positive unique steady state solution 𝑇𝑒, 𝐼𝑒 , 𝑉𝑒 which can either be stable or unstable under 

certain simplifying assumptions.  

To test for the type of stability, the process of linearization of the three interacting functions in the neighborhood 

of the steady state solutions 𝑇𝑒, 𝐼𝑒 , 𝑉𝑒 is followed. 

3.3 Linearization of a Time Dependent Model 

For the purpose of this study, the following interacting functions are considered which are defined as follows;  

𝐹(𝑇, 𝐼, 𝑉)  =   𝑠 −   𝑑𝑇 +   𝛼𝑇 (𝛼𝑇 −  
𝛼𝑇2

𝑇𝑚𝑎𝑥
)  − 𝛽𝑇          (7) 

𝐺(𝑇, 𝐼, 𝑉)  =   𝛽𝑇𝑉 −   𝛿𝐼                               (8) 
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𝐻(𝑇, 𝐼, 𝑉)  =   𝑃𝐼 −   𝑐𝑉                               (9) 

From (7) 𝐽11 =  
𝜕𝐹

𝜕𝑇
 =  −𝑑 +   𝛼 −   

2𝛼𝑇

𝑇𝑚𝑎𝑥
 −   𝛽𝑉,  𝐽12 =  

𝜕𝐹

𝜕𝐼
 =  0 , 𝐽13 =  

𝜕𝐹

𝜕𝑉
 =  −𝛽𝑇  

From (8) 𝐽21 =  
𝜕𝐺

𝜕𝑇
 =  𝛽𝑉,   𝐽22 =  

𝜕𝐺

𝜕𝐼
 =  −𝛿, 𝐽23 =  

𝜕𝐺

𝜕𝑉
 =  𝛽𝑇      

From (9), 𝐽31 =  
𝜕𝐻

𝜕𝑇
 =  0  ,   𝐽32 =  

𝜕𝐻

𝜕𝐼
 =  𝑃 , 𝐽33 =  

𝜕𝐻

𝜕𝑉
 =  −𝐶    

The corresponding Jacobian matrix is defined as follows; 𝐽 = (
−𝑑 +  𝛼 − 

2𝛼𝑇

𝑇𝑚𝑎𝑥
 −  𝛽𝑉 0 −𝛽𝑇

 𝛽𝑉 −𝛿  𝛽𝑇
0  𝑃  −𝑐

) 

By applying the characteristics equation |𝐽 − 𝜆𝐼| = 0 where 𝜆 is a scalar and I is called the identity matrix of 3 

rows and 3 columns, we can calculate the three (3) eigenvalues of the J matrix denoted by 𝜆1 ,  𝜆2,   𝜆3. In summary, 

(1)  If 𝜆1 < 0, 𝜆2 < 0, 𝜆3 < 0, then the steady state solution (𝑇𝑒, 𝐼𝑒 , 𝑉𝑒.) is said to be stable. 

(2) If 𝜆1 < 0, 𝜆2 > 0, 𝜆3 > 0, then the same steady state solution (𝑇𝑒, 𝐼𝑒 , 𝑉𝑒.) is said to be unstable. 

(3)  If 𝜆1 > 0, 𝜆2 > 0, 𝜆3 > 0, then the same steady state solution (𝑇𝑒, 𝐼𝑒 , 𝑉𝑒.) is said to be unstable. 

These mathematical conclusions are based on the popular sign method.  

Also, the possible nonnegative equilibrium of the system is 𝐸1(𝑇°, 0, 0) and 𝐸2 (𝑇∗, 𝐼∗, 𝑉∗) where  

𝑇° =
𝑇𝑚𝑎𝑥

2𝛼
[(𝛼 − 𝑑) ± √(𝛼 − 𝑑)2 +

4𝛼𝑠

𝑇𝑚𝑎𝑥
] ,  𝑇∗ =

𝜕𝑐

𝛽𝜌
, 𝐼∗ =

1

𝛽𝜌
[𝛽𝜌 − 𝑐𝑑 + 𝛼𝑐 − 𝛼𝛿𝑐2 𝑇𝑚𝑎𝑥⁄ ], 𝑉∗ =

1

𝑐𝛽2𝛿𝑇𝑚𝑎𝑥
 

[𝛽𝜌 − 𝑐𝑑 + 𝛼𝑐 − 𝛼𝛿𝑐2 𝑇𝑚𝑎𝑥⁄ ] and 𝑅0 =
𝑇°

𝑇∗ 

 Where 𝑅0 defines the basic reproductive ratio which determines the dynamical property of the system (4 - 6) 

over a long period of time. 

IV. RESULTS AND DISCUSSION 

A daily routine quantified viral load of the virions are investigated under difference choices of initial condition 

and varying parameter values of the infection rate constant (0.00008-0.00015) to predict the co-existence steady 

state solution and the percentage depletion of the viral load of the virions of HIV infection. The significant of the 

co-existence steady state solution and depletion is often viewed as a context intuitive idea in terms of predicting 

the trend of vulnerability. However, in the instance of HIV/AIDS intervention strategy, the recessive and dominant 

prediction scenario of the vulnerability of depletion has some interesting ideas on how to control the viral load of 

the virions which is considered innovative in terms of conducting awareness on the spread of the virus. 

Table 1. ODE 45 Prediction of co-existence and Percentage depletion for β = 0.0008. 

Example Initial Condition β T(t) I(t) V(t) 𝝀𝟏 𝝀𝟐 𝝀𝟑 PD (%) 

1 100:01:01 0.0008 1235 15 963 -6.1284 5.7659 -16.266 0 

2 5:01:01 0.0008 655 2 134 -0.0657 3.4095 -13.91 86.1 

3 15:01:01 0.0008 959 3 238 -3.2377 4.7122 -15.212 75.3 
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Example Initial Condition β T(t) I(t) V(t) 𝝀𝟏 𝝀𝟐 𝝀𝟑 PD (%) 

4 20:01:01 0.0008 1024 4 287 -3.9229 4.9718 -15.472 70.1 

5 25:01:01 0.0008 1069 5 336 -4.3899 5.145 -15.645 65.1 

6 30:01:01 0.0008 1101 6 383 -4.7287 5.2688 -15.769 60.2 

7 35:01:01 0.0008 1126 7 429 -4.9856 5.3618 -15.862 55.5 

8 40:01:01 0.0008 1145 7 475 -5.1872 5.4342 -15.934 50.7 

9 45:01:01 0.0008 1160 8 519 -5.3496 5.4922 -15.992 46.1 

10 50:01:01 0.0008 1173 9 563 -5.4832 5.5396 -16.04 41.6 

11 55:01:01 0.0008 1184 9 606 -5.595 5.5792 -16.079 37.1 

12 60:01:01 0.0008 1193 10 648 -5.69 5.6126 -16.113 32.7 

13 65:01:01 0.0008 1201 11 689 -5.7716 5.6413 -16.142 28.5 

14 70:01:01 0.0008 1208 11 730 -5.8426 5.6662 -16.166 24.2 

15 75:01:01 0.0008 1214 12 770 -5.9049 5.688 -16.188 20 

16 80:01:01 0.0008 1219 13 810 -5.9599 5.7072 -16.207 15.9 

17 85:01:01 0.0008 1223 13 849 -6.009 5.7243 -162245 11.8 

18 90:01:01 0.0008 1228 14 887 -6.0529 5.7393 -16.24 7.9 

19 95:01:01 0.0008 1231 15 926 -6.0925 5.7534 -16.254 3.8 

20 98:01:01 0.0008 1234 15 948 -6.1145 5.761 -16.261 1.6 

 

Fig. 1. A plot of initial conditions versus state variables. 
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Fig. 2. A plot of initial condition versus Lambda. 

Table 1 presented a database prediction of a co-existence steady state solution ranging from (655, 2, 134) in 

example two (2) to (1234, 15, 948) in example twenty (20) and a percentage depletion value ranging from 86.1 to 

1.6 respectively for the same value of the infected rate constant of 0.00008. Results indicate a mean percentage 

depletion of 36.71 and the median of 34.9. Comparing the two representative examples in terms of HIV/AIDS 

control, the initial condition that has predicted a lower volume of the viral load of the virions in this case is (5, 1, 

1). Also, the range of the percentage depletion above the mean and median between 86.1 and 37.1 show a strong 

and relative bigger vulnerability of depletion of the viral load of the virions while the range between 1.6 to 32.7 

shows lower and relatively small trend of vulnerability of depletion of the viral load of the virions. 

Table 2. ODE 45 Prediction of co-existence and Percentage depletion for β = 0.0001. 

Example Initial Condition β T(t) I(t) V(t)  𝝀𝟏 𝝀𝟐 𝝀𝟑 PD (%) 

1 100:01:01 0.0001 1234 26.2 1566 -6.114 6.8292 -17.33 0 

2 5:01:01 0.0001 653 2.07 155 -0.0654 4.1357 -14.636 90.1 

3 10:01:01 0.0001 853 3.36 231 -2.1345 5.1362 -15.636 85.3 

4 15:01:01 0.0001 959 4.67 308 -3.2375 5.6318 -16.132 80.3 

5 20:01:01 0.0001 1024 6 383 -3.9227 5.9287 -16.429 75.5 

6 25:01:01 0.0001 1069 7.3 463 -4.3898 6.1266 -16.627 70.4 

7 30:01:01 0.0001 1101 8.6 541 -4.4785 6.268 -16.768 65.4 

8 35:01:01 0.0001 1126 10 619 -4.9854 6.3742 -16.874 60.5 

9 40:01:01 0.0001 1145 11.3 696 -5.187 6.4567 -16.957 55.6 

10 45:01:01 0.0001 1160 12.6 773 -5.3493 6.5228 -17.023 50.6 

11 50:01:01 0.0001 1173 13.9 850 -5.4829 6.5769 -17.077 45.7 
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Example Initial Condition β T(t) I(t) V(t)  𝝀𝟏 𝝀𝟐 𝝀𝟑 PD (%) 

12 55:01:01 0.0001 1184 15.2 926 -5.5947 6.622 -17.122 40.9 

13 60:01:01 0.0001 1193 16.5 1002 -5.6897 6.6602 -17.161 36 

14 65:01:01 0.0001 1201 17.8 1078 -5.7713 6.6929 -17.193 31.1 

15 70:01:01 0.0001 1208 19.1 1153 -5.8432 6.7213 -17.222 26.3 

16 75:01:01 0.0001 1214 20.4 1228 -5.9045 6.7461 -17.246 21.6 

17 80:01:01 0.0001 1219 21.7 1302 -5.9596 6.768 -17.268 16.9 

18 85:01:01 0.0001 1223 22.9 1376 -6.0086 6.7875 -172879 12.1 

19 90:01:01 0.0001 1228 24.2 1449 -6.0525 6.8047 -17.305 7.5 

20 95:01:01 0.0001 1231 25.5 1522 -6.0921 6.8206 -17.321 2.8 

 

Fig. 3. A plot of initial condition versus state variables. 

 

Fig. 4. A plot of initial conditions versus lambda. 
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Example two (2) of Table 2 with the initial condition tripled (5, 1, 1) when the infected rate constant is 0.0001 

has predicted a co-existence steady state solution (653, 2, 155) and a percentage depletion of 90.1 while example 

twenty (20) for the same value of β has predicted a co-existence steady state solution (1231, 26, 1522) and a 

percentage depletion value of 2.8. Comparing the two representative examples in terms of HIV/AIDS control, the 

initial condition that has predicted a lower volume of the viral load of the virions in this case is (5, 1, 1). Also the 

range of the percentage depletion above the mean and median between 90.1 to 45.7 show a strong and relative 

bigger vulnerability of depletion of the viral load of the virions while the range between 2.8 to 40.9 show lower 

and relatively small trend of vulnerability of depletion of the viral load of the virions.    

Table 3. ODE 45 Prediction of co-existence and Percentage depletion for β = 0.00015. 

Example Initial Condition β T(t) I(t) V(t) 𝝀𝟏 𝝀𝟐 𝝀𝟑 PD (%) 

1 100:01:01 0.00015 1235 94.1 4935 -6.1249 9.163 -19.665 0- 

2 5:01:01 0.00015 655 3.25 218 -0.0648 5.743 -16.243 95.6 

3 10:01:01 0.00015 853 6.18 377 -2.1342 7.0186 -17.519 92.4 

4 15:01:01 0.00015 958 9.56 557 -3.237 7.6469 -18.147 88.7 

5 20:01:01 0.00015 1024 13,3 753 -3.9221 8.0223 -18.523 84.7 

6 25:01:01 0.00015 1068 17.3 964 -4.3891 8.2722 -18.773 80.5 

7 30:01:01 0.00015 1101 21.5 1185 -4.7277 8.4505 -18.951 76 

8 35:01:01 0.00015 1126 26 1416 -4.9845 8.5842 -19.085 71.3 

9 40:01:01 0.00015 1145 30.6 1656 -5.1859 8.6882 -19.189 66.4 

10 45:01:01 0.00015 1160 35.3 1903 -5.3481 8.7714 -19.272 61.4 

11 50:01:01 0.00015 1173 40.2 2157 -5.4815 8.8394 -19.34 56.3 

12 55:01:01 0.00015 1184 45.3 2416 -5.5922 8.8961 -19.397 51 

13 60:01:01 0.00015 1193 50.4 2681 -5.68 8.9441 -19.445 45.7 

14 65:01:01 0.00015 1201 55.6 2951 -5.7695 8.9842 -19.487 40.2 

15 70:01:01 0.00015 1207 60.9 3224 -5.8403 9.0208 -19.522 34.7 

16 75:01:01 0.00015 1213 66.3 3502 -5.9024 9.0519 -19.534 29 

17 80:01:01 0.00015 1219 71.7 3783 -5.9572 9.0794 -19.581 23.3 

18 85:01:01 0.00015 1223 77.2 4067 -6.0061 9.1038 -19.606 17.6 

19 90:01:01 0.00015 1228 82.8 4354 -6.0498 9.1256 -19.628 11.8 

20 95:01:01 0.00015 1231 88.4 4643 -6.0292 9.1452 -19.647 5.9 
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Fig. 5. A plot of initial condition versus state variable. 

 

Fig. 6. A plot of initial conditions versus Lambda. 

Table 3 presented a database prediction of a co-existence steady state solution ranging from (655, 3, 218) in 

example two (2) to (1231, 88, 4643) in example twenty (20) and a percentage depletion value ranging from 95.6 

to 5.9 respectively for the same value of the infected rate constant of 0.00015. Results indicate a mean percentage 

depletion of 54.3. Comparing the two representative examples in terms of HIV/AIDS control, the initial condition 

that has predicted a lower volume of the viral load of the virions in this case is (5, 1, 1). Also the range of the 

percentage depletion above the mean between 95.6 and 56.3 show a strong and relative bigger vulnerability of 

depletion of the viral load of the virions while the range between 5.9 to 51.0 shows lower and relatively small 

trend of vulnerability of depletion of the viral load of the virions. 

In summary, for the three variation of the parameter values of B and the different choices of the initial condition, 

the viral load of the virions with the magnitude of 134 corresponding to the initial condition (5, 1, 1) is the best 

fit data for β = 0.00008 which predicts lower and relatively small trend of vulnerability of depletion of the viral 

load of the virions whereas for β = 0.0001 the best fit initial condition (5, 1, 1) when the viral load of the virions 

is 155 which also predict lower and relatively small trend of vulnerability of depletion of the viral load of the 

virions. It is worth mentioning in this pioneering study that viral load of the virion prediction for β = 0.00015 

tends to predict high values of percentage depletion indicating which is counter intuitive public health initiative 

in the magnitude of the virions. 
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V. CONCLUSION 

In the context of using the technique of numerical simulation to predict the vulnerability of depletion of the 

viral load of the virion of the HIV/AIDS infection for the purpose of designing a capacity building database in 

order to discuss the possibility of HIV/AIDS intervention, I have systematically conducted a deterministic 

database prediction of the population size of the number of target cells, the infected cells and the viral load of the 

virions that indexed by the smallest value of the viral load of the vrions that contributes to the co-existence steady 

state solution. This result is consistent with our example two (2) in Table 1. I hope to extend this present study to 

look at the variation of other model parameter which I did not consider in this present work. 
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