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Abstract – The combination of number and shape is an important thought in senior high school mathematics, 

which is the combination of rigorous number and intuitive shape. In teaching, the thought of combination of number 

and shape can make students realize the characteristics of algebra and geometry, and realize the differences and 

connections between them. Mathematical problems that are difficult to solve from the perspective of algebra can be 

solved from the perspective of shape; similarly, mathematical problems that are difficult to solve from the perspective 

of shape can be solved from the perspective of algebra. In this paper, taking the course of position relationship 

between straight line and circle in senior high school as an example, the teaching design beneficial to the cultivation of 

students' thought of combination of number and shape in the teaching of plane analytic geometry is put forward. 

 Keywords – Combination of Numbers and Shapes, Analytic Geometry, Position Relationship. 

I. INTRODUCTION 

Number and shape are the two most basic research objects in mathematics. There is a connection between 

number and shape, which is called the combination of number and shape. The combination of number and shape 

is one of the most important methods of mathematical thought. It combines "shape" with "number". At the same 

time of solving mathematical problems, it presents mathematical knowledge from different angles [1]. 

Cultivating students' thought of the combination of number and shape can help students better understand 

mathematics knowledge, improve their interest in learning mathematics, and apply the thought of the 

combination of number and shape to real life at the same time. 

According to the 2017 edition of the General Senior High School Mathematics Curriculum Standard: 

"Through the learning of high school mathematics curriculum, students can obtain the basic mathematics 

knowledge, basic skills, basic ideas and basic activity experience necessary for further learning and future 

development." Among them, the thought of combining numbers and shapes is an important part of the basic 

ideas. The new curriculum standard also points out in the educational value of intuitive imagination core literacy 

that:" Through the learning of high school mathematics curriculum, students can improve the ability of 

combination of numbers and shapes, and develop the ability of geometric intuition and spatial imagination." 

Therefore, the cultivation of students' thought of the combination of number and shape is the foundation of 

improving the intuitive imagination core literacy as well as the construction of an intuitive model of 

mathematical problems and the exploration of ideas and methods to solve problems [2]. 

Plane analytic geometry can be simply interpreted as: using numerical method to define geometry, and 

extracting numerical information from it. Plane analytic geometry is one of the important contents of 
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mathematics course in senior high school. It embodies the use of algebraic method to depict plane curve. As a 

tool, plane analytic geometry communicates the relations between number and shape, algebra and geometry in 

mathematics. It can not only turn geometric problems into algebraic operations, but also turn algebraic problems 

into geometric relations 
[3]

. So plane analytic geometry contains the thought of combination of number and 

shape, which is one of the most important mathematical thoughts.  

The requirements of the new curriculum standard for plane analytic geometry are: "In the teaching of plane 

analytic geometry, students should be guided to go through the following processes: first, understand the 

background of geometric figures through examples, then describe the geometric features and problems of 

figures clearly in combination with scenarios, and finally form the thinking of solving problems with the help of 

the characteristics of geometric figures." In this process, students are required to have a deep understanding of 

the relationship between number and shape. Therefore, learning the course of plane analytic geometry is helpful 

to cultivate students' thought of the combination of number and shape. Teachers can make use of the explanation 

of plane analytic geometry to cultivate the students' thought of the combination of number and shape, so that 

students can better understand the relationship between number and shape 
[2]

. 

In this paper, taking the teaching of the position relationship between the straight line and the circle as an 

example, the teaching design which is beneficial to the cultivation of the students' thought of the combination of 

number and shape in the teaching of plane analytic geometry is put forward. 

II. EQUIPPED TEACHING MATERIALS AND PREPARED TEACHING TOOLS 

The textbook used is Mathematics Compulsory Course Standard Textbook A for Senior High School 

published by People's Education Publishing House. The content is 4.2.1 position relationship between straight 

line and circle in compulsory 2. The textbook begins with a question on page 126: there is a circular reef around 

the island, a ship is just west of the island. The harbour is in the north of the island. If the ship returns to the 

harbour in a straight line, is there a risk of hitting the reef. Later, the textbook points out the method of judging 

the position relationship between a straight line and a circle that has been learned before: according to the 

number of common points between the straight line and the circle, three kinds of position relations between the 

straight line and the circle are judged. Then let students think about how to use the equations of straight line and 

circle to judge the position relationship between straight line and circle. In the textbook, example 1 lists algebra 

method and geometry method respectively and then gives example 2 to allow students to further consolidate the 

two methods. Finally, the textbook concludes that there are two ways to judge the position relationship between 

the straight line and the circle: to judge whether the equations composed of the straight line and the circle have 

solution, and to judge the distance between the center of the circle and the straight line.  

Prepared teaching tools: Multimedia courseware, the Geometer’s Sketchpad. 

III. TEACHING ANALYSIS 

A. Analysis of Students 

The first grade students in senior high school are active in thinking and eager to learn. Students in junior high 

school have learned the position relation between straight line and circle, can better understand the method of 

using the equations of straight line and circle to judge the position relation between straight line and circle. 
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Because students learn the equations of straight line and circle, and can use coordinate method to solve simple 

geometric problems. So on the one hand, the students know to use the distance between center of the circle and 

radius of the circle to study the position relationship between straight line and circle; on the other hand, the use 

of discriminant learned in junior high school has enlightenment on the position relationship between straight line 

and circle. The students have just completed the knowledge of straight line equation, circle equation, point to 

straight line distance, etc., and have the ability to study geometric objects with equation and coordinate thought. 

And senior high school students have the ability of independent thinking and inquiry learning, but the ability of 

space imagination and practical application is weak. The creation of problem situation can make students realize 

the practical application of mathematical knowledge and observe life from the perspective of mathematics [4]. 

B. Analysis of Teaching Contents and Methods 

Analysis of teaching contents: on the basis of the students having learned the position relationship between 

straight line the circle, the position relationship between straight line and circle is further studied and discussed 

by using the coordinate method through the equations of straight line and circle. In this way, the thought of the 

combination of number and shape can be cultivated, which lays the foundation for solving the position relation 

between circle and circle, as well as the analytic geometry problems such as conic curve in the future. 

Analysis of teaching methods: put straight line and circle into the rectangular coordinate system by the 

method of combination of number and shape. Through the equations of straight line and circle, students are 

guided to explore the method of judging the position relationship between straight line and circle. 

C. Analysis of Teaching Key Points and Difficulties 

Analysis of teaching key points: according to the equations of given straight line and circle, judge the position 

relationship between straight line and circle. Can solve some simple problems with the equations of straight line 

and circle.  

Analysis of teaching difficulties: the application of the equations of straight line and circle. 

IV. TEACHING OBJECTIVES 

A. Knowledge and Skills 

1. Students can use algebra and geometry methods to judge the three kinds of position relations between  

straight line and circle according to the equations of straight line and circle.  

2. Students can use the equations of straight line and circle to solve mathematical problems. 

B. Process and Methods 

1. Put the circle and the straight line into the rectangular coordinate system, judge the number of common 

points between the straight line and the circle from the angle of geometry and algebra, and compare the size 

relationship between the distance from the center of the circle to the straight line and the radius of the circle.  

2. Guide students to explore the judgment methods of the position relationship between straight line and circle. 

C. Emotional Attitude and Values 

1. Let students understand and master the position relationship between the straight line and the circle by 
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observing the figure. Train the thought of combination of number and shape. Cultivate students' core literacy 

of mathematics subjects such as mathematical abstraction and intuitive imagination. 

2. To stimulate students' enthusiasm for learning and improve their interest in learning mathematics. 

V. TEACHING DESIGN PROCESS 

A. Problem Situation 

Teacher: Please memory that in junior high school, there are several position relations between straight line 

and circle. How to judge? 

Student: There are three kinds of positional relations between straight line and circle: intersection, tangency, 

and separation. It can be judged by the number of common points between the straight line and the circle, and 

the distance between the center of the circle and the straight line. 

Teacher: The two methods we used to learn to judge the position relationship between straight line and circle 

contain the thoughts of combination of number and shape, induction and analogy, etc. In this lesson, we will 

continue to explore the position relationship between straight line and circle from the perspective of number and 

shape. 

Teacher: A small island is surrounded by a circular reef, which is distributed in a circular area with a radius of 

30 km and the island as the center. It is known that the center of the island is 70km west of the ship, and the 

harbour is 40km north of the center of the island. If the ship returns to the harbour in a straight line, is there a 

risk of it hitting the reef? Please try to abstract the geometry model in your exercise book. 

Student: According to the conditions given in the topic, try to abstract the geometric model as shown in 

Figure 1 in the exercise book. 

Teacher: The geometric model shown in Figure 2 is abstracted in the Geometer’s Sketchpad. 

  

Fig. 1. Fig. 2. 

Design intent: First of all, review the position relationship between straight line and circle so that students can 

enter the learning state. Then, with the practical examples, let the students draw their own pictures and abstract 

the geometric model from the language description. Students fully participate in the classroom, improve the 

main role of students in the teaching process. In the process of building the geometric model, students use the 

thought of combination of number and shape to make the thought of combination of number and shape go deep 

into the classroom, and at the same time, students' independent thinking ability and inquiry ability are cultivated.  
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B. Knowledge Inquiry 

Teacher: If we regard the ship's route as a straight line, the reef around the island as a circle, and the island as 

the center. We have learned that the position relationship between straight line and circle can be determined by 

the number of common points between straight line and circle. How can we judge whether a ship is in danger of 

hitting a reef by this method?  

Student: It can be judged whether the circle abstracted from the reef around the island has a common point 

with the straight line of the route. 

Teacher: We have learned the equations of straight line and circle before. Can we use the equations to judge 

whether the circle and straight line share the same point? Now let's have a group discussion and send a 

representative to use the Geometer’s Sketchpad to demonstrate. Students have a group discussion, put the 

geometric model abstracted before into the rectangular coordinate system (teacher's note: for the convenience of 

calculation, 10km can be taken as a unit length), and get the equations of straight line and circle.  

Student representatives use the Geometer’s Sketchpad to establish the rectangular coordinate system as shown 

in Figure 3. Let the abstract circle be the circle "O" and the straight line of the route be "l". 

 

Fig. 3. 

Teacher: So we can get the equations of straight line and circle. Please find out the equations of straight line 

and circle, and discuss how we can use the equation of straight line and circle to get the number of their 

common points?  

Students get the equation of straight line is l : 4x + 7y-28 = 0, the equation of circle is O : x2 + y2  = 9 and then 

find out that the problem can be solved by simultaneous equations. After the equations of straight line and circle 

are combined, a quadratic equation of one variable is obtained: 65x2 - 224x + 343 = 0. Students realize that 

whether there are common points between the straight line and the circle depends on whether the quadratic 

equation of one variable has solutions. 

Teacher: How do we judge whether a quadratic equation of one variable has solutions and how many 

solutions? 

Student: By judging the discriminant formula (∆) of quadratic equation of one variable: when ∆<0, the 

equation has no real number solution; when ∆ = 0, the equation has one real number solution; when ∆> 0, the 
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equation has two real number solutions. 

Teacher: Students tried to judge whether the straight line and the circle have common points through the 

discriminant formula, and whether the ship is in danger of hitting the reef. 

Students calculate quadratic equation of one variable: 65x2 - 224x + 343 = 0, and ∆<0. So there is no solution 

to the equation, there is no common point between the straight line and the circle, and there is no risk of ship 

hitting the reef. 

Teacher: In this way, by calculating the number of solutions of the system of equations of straight line and 

circle, we can judge the position relationship between the straight line and circle, which is to solve the geometric 

problems with algebraic method. After realizing the connection between algebra and geometry, please think 

about it: Can we solve this problem in other way? 

Student: We can use the distance formula from point to line to judge the distance from the center of the circle 

to the line (after independent thinking). Let the distance between the center of the circle O and the straight line l 

be "d", after calculation, d ≈ 3.5. Because the radius of the circle is 3, and 3.5 > 3, the straight line is separated 

from the circle, and the ship is not in danger of hitting the reef. 

Teacher: In this way, we solved the problem with geometric method. Through the study of algebraic method 

and geometric method, we can find that we combine "number" with "shape" in the process of solving problem. 

It can be seen that the combination of number and shape is very important in our study and life. When students 

encounter problems that are difficult to understand, we may as well change our thinking and use algebra 

knowledge to solve geometric problems. At the same time, we can also solve algebraic problems from the 

perspective of geometry. 

Teachers and students sum up the steps of using algebra and geometry to judge the position relationship 

between straight line and circle: 

1. When the algebraic method is used to judge the position relationship between straight line and circle, the 

equations of the ‘straight line and the circle are first established and equation system is obtained. After the 

elimination of "y" in the equation system, a quadratic equation of one variable is obtained. Then we need to 

judge the discriminant (∆) for quadratic equations with one variable. When ∆ < 0, the equation has no 

solution, there is no common point between the straight line and the circle, and the straight line is separated 

from the circle. When ∆ = 0, the equation has one solution, the straight line and the circle have one common 

point, and the straight line and the circle are tangent. When ∆ > 0, the equation has two solutions. There are 

two common points between the straight line and the circle, and the straight line and the circle intersect. 

2. When the geometric method is used to judge the position relationship between straight line and circle, the 

distance from the center of the circle to the straight line is set as "d". Using the distance formula from point 

to straight line, we get the value of "d". Then compare "d" with the radius. When "d" is greater than the 

radius, the straight line is separated from the circle. When "d" is equal to the radius, the straight line is 

tangent to the circle. When "d" is less than the radius, the straight line intersects the circle. 

Design intent: The textbook has a guiding role for teachers to carry out teaching activities. Therefore, the use 

of questions in the textbooks to explore will help students understand the knowledge, and also facilitate students' 
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preview and review. In the discussion of whether the ship will touch the reef, a geometric model is abstracted 

from the problem. Then put the geometric model into the rectangular coordinate system, and solve the problem 

by the equations of straight line and circle. Between the transformation of number and shape, cultivate the 

thought of the combination of number and shape of students, so that students can have a deeper understanding of 

the relationship between number and shape. 

 In the process of knowledge exploration, students are guided to judge and solve problems from two angles of 

"number" and "shape". The relationship between the position of straight line and circle is transformed to judge 

whether there is a solution to the system of equations, and whether the distance between the center of the circle 

and the straight line is larger than the radius. Associate "number" with "shape" [5]. Understand the relationship 

between algebra and geometry, and understand the problem solving process by using equations. 

Guide students to sum up the methods of judging the position relationship between straight line and circle by 

using the equations of straight line and circle. Let students experience the method from special to general, and 

improve their ability of independent thinking, induction and summary. While cultivating students' thought of 

combination of number and shape, they also cultivated core literacy such as intuitive imagination, mathematical 

abstraction, mathematical modeling, and mathematical operations. Let the students understand the coordinate 

method and lay the foundation for the future knowledge. 

C. Knowledge Application 

The teacher asks the students to use the knowledge learned in this lesson to discuss and solve the following 

problem in 10 minutes: It is known that the straight line L : 3x + y – 6 = 0 and the circle C : x2 + y2 - 2y – 4 = 0, 

judge the position relationship between the straight line L and the circle C. And let the students use the algebra 

method and geometry method to solve the problem. 

After the group discussion, the students use the algebraic method and the geometric method to calculate the 

intersection of the line and the circle. 

The teacher verifies whether the students' conclusion is correct through the Geometer’s Sketchpad. Input the 

equations of the straight line and the circle in the Geometer’s Sketchpad to present the image (as shown in 

Figure 4). According to the image, it is found that the straight line intersects the circle, and the students' answer 

is correct. 

Teacher: Through the Geometer's Sketchpad, we find that when the equations of the straight line and the 

circle change, the size of the circle, the slope of the straight line, and the position relationship between the 

straight line and the circle and other aspects will change. From this we can realize that when the "number" 

changes, the "shape" also changes. 

Teacher: Now let's use the Geometer's Sketchpad to change the size and position of the circle and the position 

of the straight line. And generate the equations of straight line and circle. At this time, we can see that (Figure 5) 

the equations of straight line and circle also change. So when the size and position of the circle, and position of 

the straight line change, the equations of the straight line and the circle also change. This means that "shape" 

changes, and "number" changes accordingly. The process of flexibly applying the relationship between number 

and shape is the process of forming and applying the thought of the combination of number and shape. 
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Fig. 4. Fig. 5. 

Design intent: Systematize the learning knowledge and let students consolidate algebra and geometry. Let 

students understand the relationship between geometric method and algebraic method, and quantify the 

relationship between tangency, intersection and separation of straight line and circle. Students can get answers 

through communication and discussion, and cultivate their cooperative exploration ability. The teacher uses the 

Geometer's Sketchpad to let the students observe the process of "shape" changing with "number" and "number" 

changing with "shape". Let students understand the meaning of the combination of number and shape. At the 

same time, it also cultivates the core quality of mathematics subjects such as students' intuitive imagination and 

mathematical abstraction [6]. 

D. Summary and Homework 

Teacher: Summarize the judgment methods and steps of the position relationship between straight line and 

circle in this lesson: 

1. Algebraic method: Whether there is a solution to the system of equations composed of the equations of 

straight line and circle. When ∆ < 0, the straight line is separated from the circle. When ∆ = 0, the straight 

line is tangent to the circle. When ∆ > 0, the line intersects the circle. 

2. Geometric method: Judge by the relationship between the distance (d) from the center of the circle to the 

straight line and the radius (r) of the circle. When "d" is greater than the radius, the straight line is separated 

from the circle. When "d" is equal to the radius, the straight line is tangent to the circle. When "d" is less than 

the radius, the straight line intersects the circle. 

Teacher: Arrange exercises after class according to students' learning situation, and let students discuss in 

groups after class: If the coordinate system is not established, can we solve the problem of "whether the ship 

will touch the reef" on page 126. 

Design intent: Let students consolidate their knowledge, understand the thought of combination of number 

and shape, grasp the key points and difficulties, and carry out appropriate knowledge extension and transfer. 

E. Blackboard Design 

The design of blackboard is shown in Figure 6. 

Design intent: Facilitate students to master the key points of study. 
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Fig. 6. 

VI. CONCLUSION 

High school mathematics contains many mathematical thoughts, and the combination of numbers and shapes 

plays an important role. This paper takes 4.2.1 the position relationship between the straight line and the circle 

as an example, and integrates the thought of the combination of number and shape into the teaching design. The 

combination of numbers and shapes can help students grasp the essence of mathematics. In the process of 

solving problems, proper use of the combination of numbers and shapes can expand the thinking [7]. Let students 

master the application of knowledge while learning knowledge. At the same time, we should pay attention to the 

limitations of the thought of the combination of number and shape. It should be combined with other thoughts, 

such as equation and reduction, and should be considered from multiple perspectives in the process of solving 

problems. In the process of teaching, teachers should also infiltrate different mathematical thoughts to create an 

efficient and vigorous classroom. 
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