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Abstract — In this paper, we design pseudo-metric space Il. PSEUDO-METRIC SPACE
based on the concept of metric space, and give tbencepts of

pseudo spherical neighbourhood and pseudo open sehd . : . : .
pseudo neighbourhood in the pseudo-metric Space. 8zd on Metric space is widely used in mathematics, and

the concept of pseudo spherical neighbourhood, the pseudo-metric space is a generalization of mepaces.

conclusions of open set and neighbourhood can betemded 1 Nat is to say, metric space is a special form sEudo
to pseudo metric space. Then we give proofs of the Metric space. Here is the accepted mathematicaitiief

relationships between pseudo-metric space and thegperty ~ of an abstract distance.

of countable spaces in terms of these definitions. Definition 1 1[7] A metric space is a seX , together
with a metric (also called distance)

Keywords — Pseudo-metric Space; Pseudo Spherical
Neighbourhood; Pseudo Neighbourhood; Separable Spa. d: XxX - [O, 00)
satisfying the following properties:
. INTRODUCTION (@)d(x,y)=0if and only if x =y;

Sphere neighborhood plays an important role in the (b)d (X’ y)— d (y, X)’
study of the properties of metric spaces. In gdndhne (C) d (X- y)S d (X- Z)+ d (z, Y)-
function of spherical neighborhood in metric spase Example 1.1% on any setX , the function
equivalent to open sets in Topological Spaces.réieroto 0. if x=
consider the properties of pseudo-metric spacedeafime d(X, y) ={ ' =Y
a pseudo spherical neighborhood. At present, exard 1 if x£y.
scholars of home and abroad have researched pseugoé metric. called theiscrete metric
metric space, and have given their own conclusiéos. o (9] o ) _
example, Li Bijing ([1] [2]refs) studied on logicspudo- Definition 1.2 A pseudo-metric space is a pair
metric space and came into a conclusion--logicahidas (X, d) whereX is a set andl is a function
are measurable, in the logic system MTL inducedefty 4. x xXx _, [O, oo)
continuous triangle module; Wang Xiaojuan ([3] Yefs ,
discussed the problem about every cover Yfexist called a pseudo-metric, that satisfies the follawin
Lebesgue number on a compact pseudo-metric spaderoperties for allx, y, zin X :
(X,d);He Gang ([4] refs) set up the Baire Theorem ofa)d(x,y)=0if and onlyif x=y;
Category in pseudo-metric space; Hui Xiaojing ({&ls) (b)d(x, y)=d(y, X);
gave the definition of probability logic pseudo-met . . .
spaces and it's properties; Liu Mingxue ([6] resdied (c) pseudo triangleinequality: Car 21,
the relations between the random pseudo-metriectioh s, d(x, y)g ad (X, z)+d(z, y),
space and the probabilistic pseudo-metric collecsipace.  according to the definitions of the metric spaced an
There are many practical features on a compactdpseu pseydo-metric space, we found that reflexivity and
metric spaces. In fact, spherical neighbourhoodp@  symmetry are needed to be satisfied whether inis i
vital role in metric space. Thanks to that founolatiwe etric space or pseudo-metric space. The diffeptatte
introduce psgudo spherical _neighbourhood on a comMpgyeryeen the two space is that pseudo triangle alityis
pseudo-metric spaces, besides, the properties @ficmene generalization of the triangle inequality, thustric
spaces can be popularized to pseudo-metric spages dyace is a special form of pseudo-metric space.
pseudo spherical neighbourhood, and then we canisiis proposition 1 Pseudo-metric space is a generalization of

the relationship between pseudo-metric spaces bed t{yotric space, metric space is pseudo-metric spage,

property of countable spaces. _ _ pseudo-metric space is not necessarily a metricespa
We can discuss many useful properties of pseuducmetp fL t(X d)b i =1 s th
space by different ways. Based on the concept efighs rool. Le ' € a metrc space, attl= us

spherical neighbourhood, the conclusions of opérase d(x, y) < d(X, Z)+ d(Z, y)S ad (X, Z)+ d(Z, y) That
neighbourhood can be extended to pseudo metricespag i ore is a0 21, andx, y, z[0 X

Next we can also discuss the relationships between - v '
pseudo-metric space and the property of countgidees so we get thad (X, y)s ad (X, Z)+ d(Z, y) Thusd is

in terms of these definitions. the pseudo-metric inX ,and(X,d)is a pseudo-metric

space.
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Pseudo-metric space is not necessarily a metricespa BD(X 5) 0 BD(X £ )ﬂ BD(X £ ) so the BD(X 8) is
we only give a counterexample. ' 1 v2l e '

Let X :{12,3}, defined :
d(11)=d(22)=d(33)=0
d(12)=d(21)=d(23)= d(32) =1 208y,
d(13)=d(31)=4

Obviously, d meets the reflexivity and symmetry.
Therefore, it is necessary to verify the pseudangie

included the two pseudo spherical neighborhood.

(3) Let yOB"(x, £) and g, _emdxy) g
a

, then

d(zx)<ad(z,y)+d(y,x)<ae, +d(y,x)=€, so
zU BD(X, 8). That is to sa)BD(y, 81) O BD(X, é‘).

inequality. Definition 2.2 Let (X,d) be a pseudo-metric space, and
Let =3 , we can find that for arbitrary |gt A be a subset ol .For each point ofA there exists
X, y,z0X we get a pseudo spherical neighborhood that is included by

that d(X, y) < ad(x, Z)+ d(Z, y) Thus (X,d) is a A ,we call A as a pseudo open set of pseudo metric space.
' According to theorem 1.1 (3), we find that evergym$o

pseudo-metric space, . . .

_ spherical neighborhood is pseudo - open set. lerora
bUtd(l3)24>d(12)+d(2'3): 2 ,so(X,d) IS not a facilitate the discussion, we will promote the ceypic of
metric space. pseudo spherical neighborhood.

Definition 2.3  Let (X,d) be a pseudo-metric

spacex[] X ,and letU be a subset o .If there is a
pseudo open setV satisfying the conditions

Spherical neighborhood plays an important rolehia t X UV UU , Uis called a pseudo neighborhoodf
study of metric space’s properties. Generally sipegpkhe The following theorem gives an equivalent statenoént
spherical neighborhood in metric space is equitdtethe the pseudo neighborhood, and show that it is niatora
open sets in a topological space. In order to éurgiudy generalize from the pseudo spherical neighborhooithe
the properties of pseudo-metric spaces, we defieeign- PSeudo neighborhood.
metric space "sets" - a pseudo spherical neighleatho Theorem 2.2 Let (X,d) be a pseudo-metric

Definition 2.1 Let (X,d) be a pseudo-metric space,spacex ] X ,and letU be a subset o)X . U is a pseudo
xOX , the (open) ball of radiusg >0 centered at neighborhood ofX if and only if there is a pseudo
x Xis spherical neighborhood contained ih.
BD(X, g):{y[] X|d(X, y)<£} Proof. (Necessity) U is a pseudo neighborhood of
X ,according to the definition of pseudo neighborhood

Theorem 2.1 Pseudo spherical neighborhood of pseud&here i_s a pseudo open ot satisfying x LIV L U :
According to the definition of pseudo open setyéehis a

metric space has the following basic properties: X . - :
(1) Each pointx[] X has at least one pseudo Spher§1seudo spherical neighborhood tontained inV, then
e pseudo spherical neighborhood also contained. in

ne|ghborhood-, and -the poirk pelongs to each of its That is, there is a pseudo spherical neighborhdo& o
pseudo spherical neighborhood; contained in U

(2) In the presence of.an arbitrary two pseudo ISpdie (Adequacy) If there is a pseudo spherical neighbath
neighborhood of the poink[] X, there exists a pseudo ¢ y contained in U, because a pseudo spherical

spherical neighborhood is included the two pSGUdHeighborhood is pseudo open set, that is, U iseadis
spherical neighborhood; neighborhood ofX .

(38) If ylX belongs to a pseudo spherical

neighborhood ofx[J X , then there exists a pseudo IV. THE RELATIONS BETWEEN PSEUDO

spherical neighborhood of/[1 X is contained in the METRIC SPACES AND COUNTABILITY AXIOMS
pseudo spherical neighborhood Xf

Proof. (1) Letx(JX , for any £>0, BD(X,E) is a With  the definiton of the pseudo spherical
pseudo spherical neighborhood ®¥fthenX has at least neighborhood, we explore the relationship betweten t

one pseudo spherical neighborhood; because %§eudo metric space and the countability axioms.

— . .__Theorem 3.1" Any pseudo metric space is the space
d(x’ X)_O ,S0 X belongs fo its each pseudo sphencail;]at satisfies the first countability axiom.
neighborhood.

. . Proof. Let (X d) be a pseudo-metric spadd,] X .All
2) F gX, if th t d h | ’ _ _ :
(2) For any 't There ar® two pseuco sp erlcaof the pseudo spherical neighborhood formed ircteer

. 0 O
neighborhoods o, record asB (X’ ‘91) and B (X’ ‘92)' of X and the radius with a rational number constitute a
for every £ >0 ,then £< min{gl,gz} ,we can get countable neighborhood basis ¥t
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called the pseudo spherical neighborhood.
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Theorem 3.2 If (X,d) is a separable pseudo-metric'?
space, ther(X,d) is the space that satisfies the secon%]
countability axiom.

Proof. Let (X,d) be a separable pseudo-metric spac?4]
and letD be a countable dense subset Xn. Let

1 (5]
ﬁ:{BD(x,]xD D,nDz+}-
n
(6]
It is clear thatf3 is a countable family formed by the open
setinX . 7l
For anyy[1 X, letU be a pseudo neighborhood ¥f, 8
8
. e 1
then there is ak[Z, satisfying Bu[y'kj Ou ]

Because D

1
thenB" y,— |ND # ¢-
(y ijﬂ @

. _ 1 : ~ 1
For arbitranyy 1B y,— |N D, if xOBY y,— |ND,
¢ (y 2kjﬂ (y 2kjﬂ

~ 1
then d(x, ) < S
d(x,y)< ad(x, y)+d(y,y) <%, that

is, x [ BD( y%j . Therefore, we get that

~ 1 1 -
BY y,— |OBY y,= |0OU ,for yOID,so
(y 2kj (y kj Y

~ 1
B ¥,— |0
(y ij ﬁ.
Above all, we have proofed that for anyl]l X and
every pseudo neighborhool) of y , there is a

oo 1 .
B [y, ij Yy

Thus Sis a basis ofX , and (X ) d) is the space that
satisfies the second countability axiom.

V. CONCLUSION

This paper mainly defined pseudo spherical
neighborhood in the pseudo-metric space, and gasecd

on the concept of pseudo - open sets and pseudo
neighborhood and metric spaces and discussing the

relationship between countability axioms and theup®-
metric space. The relationship between separati@mmes
and the pseudo-metric space remains to be furthdiesl.
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